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LOW-DIMENSIONAL COMPLEX CHARACTERS OF THE
SYMPLECTIC AND ORTHOGONAL GROUPS
HUNG NGOC NGUYEN
Abstract. We classify the irreducible complex characters of the symplectic groups
Sp2n(q) and the orthogonal groups Spin
±
2n(q), Spin2n+1(q) of degrees up to the
bound D, where D = (qn − 1)q4n−10/2 for symplectic groups, D = q4n−8 for
orthogonal groups in odd dimension, and D = q4n−10 for orthogonal groups in even
dimension.
1. Introduction
Lower bounds for the degrees of non-trivial irreducible representations of finite
groups of Lie type in cross characteristic were found by Landazuri, Seitz, and Zalesskii
in [LS], [SZ]. These bounds have proved to be very useful in various applications.
Thanks to the effort of many people, the exact value of the smallest degree of non-
trivial irreducible representations was determined for many groups of Lie type (see
[T]).
We are interested in not only the smallest representation, but more importantly,
the low-dimensional representations. In the case of complex representations, this
problem was first studied by Tiep and Zalesskii [TZ1] for finite classical groups and
then by Lu¨beck [Lu] for exceptional groups. For representations over fields of cross
characteristics, this problem has been studied recently in [BK], [GT1] for SLn(q);
[GMST], [HM] for SUn(q); [GMST] for Sp2n(q) with q odd; and [GT2] for Spn(q)
with q even. Let H be one of these groups and denote by d(H) the smallest de-
gree of nontrivial irreducible representations in cross characteristic. The purpose of
these papers is to classify the irreducible representations of H of degrees close to
d(H) and to prove that there is a relatively “big” gap between the degrees of these
representations and the next degree.
From now on, we denote by G either the symplectic groups Sp2n(q) or the orthog-
onal groups Spin±n (q), where q is a power of a prime p. The smallest non-trivial
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complex characters of G was determined in [TZ1]. It was also proved in [TZ1] that,
up to the bound (q2n − 1)/2(q + 1), the odd characteristic symplectic group Sp2n(q)
has four irreducible characters of degrees (qn±1)/2, which are so-called Weil charac-
ters, and the smallest unipotent character of degree (qn−1)(qn−q)/2(q+1). We want
to extend these results to a larger bound. More precisely, we classify the irreducible
complex characters of G of degrees up to the bound D, where D = (qn − 1)q4n−10/2
for the odd characteristic symplectic groups, D = q4n−8 for the orthogonal groups in
odd dimension, and D = q4n−10 for the orthogonal groups in even dimension. When
q is even, the irreducible complex characters of Sp2n(q) ≃ Spin2n+1(q) were classified
up to an already good enough bound (q2n−1)(qn−1−1)(qn−1−q2)/2(q4−1) in [GT2]
and therefore it is not in our consideration. Theorems 1.2, 1.3, 1.4, and Proposition
8.3 in this paper have been used in [LOST] to establish the Ore’s conjecture for the
orthogonal groups. Our main results are the following theorems.
Theorem 1.1. Let χ be an irreducible complex character of G = Sp2n(q), where
n ≥ 6 and q is an odd prime power. Then either χ(1) > (qn−1)q4n−10/2 or χ belongs
to a list of q2 + 12q + 36 characters in Tables 1, 2, 3 (at the end of §4).
Theorem 1.2. Let χ be an irreducible complex character of G = Spin2n+1(q), where
n ≥ 5 and q is an odd prime power. Then χ(1) = 1 (1 character), χ(1) = (q2n −
1)/(q2 − 1) (1 character), χ(1) = q(q2n − 1)/(q2 − 1) (1 character), (qn + α1)(q
n +
α2q)/2(q + α1α2) (4 characters, α1,2 = ±1), χ(1) = (q
2n − 1)/(q + α) ((q + α− 2)/2
characters for each α = ±1), or χ(1) > q4n−8.
Theorem 1.3. Let χ be an irreducible complex character of G = Spinα2n(q) ≃ Ω
α
2n(q),
where n ≥ 5, α = ±, (n, q, α) 6= (5, 2,+), and q is a power of 2. Let
D(n, q, α) =
{
(q − 1)(q2 + 1)(q3 − 1)(q4 + 1), n = 5, α = −,
q4n−10 + 1, otherwise.
Then χ(1) = 1 (1 character), χ(1) = (qn−α)(qn−1+αq)/(q2−1) (1 character), χ(1) =
(q2n − q2)/(q2 − 1) (1 character), χ(1) = (qn − α)(qn−1 + αβ)/(q− β) ((q− β − 1)/2
characters for each β = ±), or χ(1) ≥ D(n, q, α).
Furthermore, when (n, α) = (5,−), G has exactly q characters of degree D(5, q,−),
1 character of degree q2(q4 + 1)(q5 + 1)/(q + 1), and no more characters of degrees
up to q10.
Theorem 1.4. Let χ be an irreducible complex character of G = Spinα2n(q), where
α = ±, n ≥ 5, and q is an odd prime power. Let
D(n, q, α) =
{
(q − 1)(q2 + 1)(q3 − 1)(q4 + 1), n = 5, α = −,
q4n−10 + 1, otherwise.
Then χ(1) = 1 (1 character), χ(1) = (qn−α)(qn−1+αq)/(q2−1) (1 character), χ(1) =
(q2n − q2)/(q2 − 1) (1 character), χ(1) = (qn − α)(qn−1− α)/2(q + 1) (2 characters),
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χ(1) = (qn−α)(qn−1+α)/2(q−1) (2 characters), χ(1) = (qn−α)(qn−1+αβ)/(q−β)
((q − β − 2)/2 characters for each β = ±), or χ(1) ≥ D(n, q, α).
Furthermore, when (n, α) = (5,−), G has exactly q characters of degree D(5, q,−),
1 character of degree q2(q4 + 1)(q5 + 1)/(q + 1), and no more characters of degrees
up to q10.
This paper is organized as follows. In §2, we recall the Lusztig’s classification of
the irreducible complex characters of finite groups of Lie type. Also, the structures of
centralizers of semi-simple elements in symplectic and orthogonal groups are collected
in §2. The low-dimensional unipotent characters of G are classified in §3. Each of
the groups Sp2n(q) (q odd), Spin2n+1(q) (q odd), Spin
±
2n(q) (q even), and Spin
±
2n(q)
(q odd) is treated individually in §4, §5, §6, and §7, respectively. Finally, in §8, we
count the number of irreducible complex characters of G = Spin±12(3) of degrees up
to 4 · 315.
2. Preliminaries
2.1. Notation. Throughout this paper, GL+n (q) stands for GLn(q) and GL
−
n (q)
stands for GUn(q). Furthermore, ± could be understood as ± itself or ±1, de-
pending on the context. In order to label the eigenvalues of semi-simple elements,
as well as conjugacy classes of finite classical groups, we follow the notation of [S]
and [W2]. Let κ denote a generator of the field of q4 elements, ζ = κq
2−1, θ = κq
2+1,
η = θq−1, γ = θq+1. Let T1 = {1, ..., (q− 3)/2}, T2 = {1, ..., (q− 1)/2} if q is odd and
T1 = {1, ..., (q − 2)/2}, T2 = {1, ..., q/2} if q is even. Furthermore, when q is odd, let
R∗1 = {j ∈ Z : 1 ≤ j < q
2 + 1, j 6= (q2 + 1)/2} and define R1 to be a complete set of
class representatives of the equivalence relation ∼ on R∗1:
i ∼ j ⇔ i ≡ ±j or± qj (mod q2 + 1).
Similarly, let R∗2 = {j ∈ Z : 1 ≤ j ≤ q
2 − 1, q − 1 ∤ j, q + 1 ∤ j} and define R2 to be a
complete set of class representatives of the equivalence relation ∼ on R∗2:
i ∼ j ⇔ i ≡ ±j or± qj (mod q2 − 1).
Note that |R1| = (q
2 − 1)/4 and |R2| = (q − 1)
2/4.
2.2. Lusztig’s classification. The main ingredient to prove our results is Lusztig’s
classification of irreducible complex characters of finite groups of Lie type. To make
the paper self-contained, we recall it here.
Let G be either the symplectic groups Sp2n(q) or the orthogonal groups Spin
±
2n(q),
Spin2n+1(q) where q is a power of a prime p. Let G be the algebraic group and F the
Frobenius endomorphism on G such that G = GF . Let G∗ be the dual group of G and
F ∗ the dual Frobenius endomorphism and denote G∗ = G∗F
∗
. Lusztig’s classification
(see chapter 13 of [DM]) says that the set of irreducible complex characters of G is
partitioned into Lusztig series E(G, (s)) associated to various geometric conjugacy
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classes (s) of semi-simple elements of G∗. In fact, E(G, (s)) is the set of irreducible
constituents of a Deligne-Lusztig character RGT (θ), where (T , θ) is of the geometric
conjugacy class associated to (s). The elements of E(G, (1)) are called unipotent
characters of G. When G is a connected reductive group, for any semi-simple element
s ∈ G∗, there is a bijection χ 7→ ψ from E(G, (s)) to E(CG∗(s), (1)) such that
(2.1) χ(1) =
|G|p′
|CG∗(s)|p′
ψ(1).
In this situation, we will say that the irreducible complex character χ of G is param-
eterized by the pair ((s), ψ).
Suppose that we are determining irreducible complex characters of G of degrees
up to a certain bound D. Unipotent characters of G as well as G∗ are classified by
Lusztig (see §13.8 of [C1]) and we will use that to find the low-dimensional unipotent
characters of G. When the character χ is not unipotent, i.e. (s) 6= (1), based on the
structure of CG∗(s), we estimate (G
∗ : CG∗(s))p′ and come up with certain cases when
CG∗(s) is large enough. More specifically, from formula 2.1, we see that if χ(1) < D
then |CG∗(s)| > |G|p′/D. The following Proposition is used frequently to determine
unipotent characters of CG∗(s).
Proposition 2.1 (Proposition 13.20 of [DM]). Let G and G1 be two reductive groups
defined over Fq, and let f : G → G1 be a morphism of algebraic groups with a central
kernel, defined over Fq and such that f(G) contains the derived group G
′
1; then the
unipotent characters of GF are the θ ◦ f , where θ runs over the unipotent characters
of GF1 .
2.3. Centralizers of semi-simple elements. We collect here some well-known
results about the structures of centralizers of semi-simple elements in finite classical
groups (cf. [C2], [FS], and [TZ2]). Since the following lemmas are similar, we omit
most of their proofs except the last one’s.
Lemma 2.2. Let q be odd and s ∈ SO2n+1(q) be semi-simple. Then
CSO2n+1(q)(s) ≃ SO2k+1(q)× O
±
2(m−k)(q)×
t∏
i=1
GLαiai (q
ki)
and
CO2n+1(q)(s) ≃ O2k+1(q)× O
±
2(m−k)(q)×
t∏
i=1
GLαiai (q
ki),
where 0 ≤ k ≤ m ≤ n, αi = ±, and
∑t
i=1 kiai = n−m.
Lemma 2.3. Let q be even and s ∈ O±2n(q) be semi-simple. Then
CO±
2n(q)
(s) ≃ O±2m(q)×
t∏
i=1
GLαiai (q
ki),
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where αi = ± and
∑t
i=1 kiai = n−m.
Let (., .) be a non-degenerate symplectic form on the space V = F2nq , then the
conformal symplectic group CSp2n(q) is defined to be
{g ∈ GL(V ) | ∃ τ(g) ∈ F∗q , ∀u, v ∈ V, (gu, gv) = τ(g)(u, v)}.
Lemma 2.4. Let q be odd and s ∈ CSp2n(q) be semi-simple. Then
CCSp2n(q)(s) ≃ CSp2n(q)(s) · Zq−1.
Moreover,
(i) If τ(s) is not a square in Fq, then
CSp2n(q)(s) ≃ Spm(q
2)×
t∏
i=1
GLαiai (q
ki),
where m is even, αi = ±, and
∑t
i=1 kiai = n−m.
(ii) If τ(s) is a square in Fq, then
CSp2n(q)(s) ≃ Sp2k(q)× Sp2(m−k)(q)×
t∏
i=1
GLαiai (q
ki),
where 0 ≤ k ≤ m ≤ n, αi = ±, and
∑t
i=1 kiai = n−m.
Let Q(.) be a non-degenerate quadratic form on the space V = F2nq . Then the
conformal orthogonal group CO±2n(q) is defined to be
{g ∈ GL(V ) | ∃ τ(g) ∈ F∗q, ∀v ∈ V,Q(g(v)) = τ(g)Q(v)}.
We use the description of CO±2n(q)
0 in [TZ1, Remark 7.3]. When q is odd, it is also
shown in [TZ1, Lemma 7.4] that CO±2n(q)
0 = {g ∈ CO±2n(q) | det(g) = τ(g)
n} and
CO±2n(q)
0 is actually a subgroup of index 2 of CO±2n(q) such that CO
±
2n(q)
0/SO±2n(q) ≃
CO±2n(q)/O
±
2n(q) ≃ Zq−1.
Lemma 2.5. Let q be odd and s ∈ CO±2n(q)
0 be semi-simple. Then
CCO±
2n(q)
(s) ≃ CO±
2n(q)
(s) · Zq−1,
and
CCO±
2n(q)
0(s) ≃ CSO±
2n(q)
(s) · Zq−1.
Moreover,
(i) If τ(s) is not a square in Fq, then
CO±
2n(q)
(s) ≃ O±m(q
2)×
t∏
i=1
GLαiai (q
ki),
where m is even, αi = ±, and
∑t
i=1 kiai = n−m.
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(ii) If τ(s) is a square in Fq, then
CO±
2n(q)
(s) ≃ O±2k(q)× O
±
2(m−k)(q)×
t∏
i=1
GLαiai (q
ki),
where 0 ≤ k ≤ m ≤ n, αi = ±, and
∑t
i=1 kiai = n−m.
Proof. Let (., .) be the non-degenerate bilinear form associated with Q(.). Fix a basis
of V and let J be the Gram matrix of (., .) corresponding to this basis. Then tsJs =
τJ , where τ := τ(s). Hence Spec(s) = Spec( ts) = τSpec(Js−1J−1) = τSpec(s−1).
Denote the characteristic polynomial of s acting on V by P (x) ∈ Fq[x]. There are
two cases:
Case 1: If τ is not a square in Fq, suppose τ = λ
2
1 where λ1 ∈ Fq2 \Fq. Decompose
P (x) into irreducible polynomials over Fq:
P (x) = (x2 − τ)m
l∏
i=1
fmii (x)
l′∏
j=1
g
nj
j (x)ĝj
nj(x),
where
• If λ is a root of fi(x) then τλ
−1 is also a root of fi(x), deg(fi) is even, ±λ1
are not the roots of fi,
• If λ is a root of gj(x) then τλ
−1 is a root of ĝj(x), deg(gj) = deg(ĝj), gj 6= ĝj,
• n = m+ Σli=1mi deg(fi)/2 + Σ
l′
j=1nj deg(gj).
Since s ∈ CO±2n(q)
0, we have τn = det(s) = (−τ)mτn−m. Therefore, m is even. Set
Vτ := (
P (x)
(x2 − τ)m
)x=s(V ), Vi := (
P (x)
fmii (x)
)x=s(V ), Uj := (
P (x)
g
nj
j (x)ĝ
nj
j (x)
)x=s(V ).
Then V = Vτ ⊕ V1 ⊕ · · ·Vl ⊕U1 ⊕ · · · ⊕Ul′ is an orthogonal decomposition of V . Let
W ∈ {V, Vτ , V1, ..., Vl, U1, ..., Ul′}. Then s|W is semi-simple and (., .) is non-degenerate
on W . For short notation, we denote CO(W )(s|W ) and CCO(W )(s|W ) by CO(W )(s) and
CCO(W )(s), respectively.
1a) First, we show that CO(W )(s) ≃ GUm0(q
k) and CCO(W )(s) ≃ CO(W )(s) · Zq−1,
where W = Vi for i = 1, ..., l, m0 = mi, and k = deg(fi)/2. Note that the
characteristic polynomial of s acting on W is fm0i (x). Let λ ∈ Fq2k be an eigen-
value of the action of s on W . Then all eigenvalues of the action of s on W are
λ, λq, ..., λq
2k−1
. Since τλ−1 is also a root of fi(x) and ±λ1 are not, τλ
−1 = λq
k
.
Consider W˜ = W ⊗Fq Fq2k . Fix a basis (fi) in W , and define a Frobenius endomor-
phism σ : Σixifi 7→ Σix
q
ifi on W˜ , where xi ∈ Fq2k . The simplicity of s implies that
W˜ = W˜1 ⊕ · · · ⊕ W˜2k, where W˜i = Ker(s− λ
qi−1). We see that σ permutes the W˜i’s
cyclically: σ(W˜i) = W˜i+1, where W˜2k+1 = W˜1. Let g ∈ CO(W ) be commuting with
s|W . Then g preserves each W˜i. Moreover, it is easy to see that g also commutes
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with σ. This implies that the action of g on W˜ is completely determined by its action
on W˜1: g(σ
iw) = σi(gw) for w ∈ W˜1. So CCO(W )(s) →֒ GLm0(q
2k). If u ∈ W˜i and
v ∈ W˜j then τ(u, v) = (su, sv) = λ
qi−1+qj−1(u, v). Therefore,
(2.2) W˜⊥1 =
⊕
i 6=1+k
W˜i and W˜1+k ∩ W˜
⊥
1 = 0.
Choose a basis (u1, ..., um0) in W˜1. Then (vi) is a basis for W˜1+k, where vi = σ
k(ui).
We see that (σui, σvj) = (ui, vj)
q. Hence, (ui, vj)
qk = (σkui, σ
kvj) = (vi, uj) =
(uj, vi). In other words,
tU = U q
k
. Thus, together with 2.2, U determines a non-
degenerate Hermitian form on an m0-dimensional Fq2k -space.
If g acts on W˜1 with matrix A = (aij) (with respect to the basis (ui)), then g
acts on W˜1+k with matrix A
qk = (aq
k
ij ) (with respect to the basis (vi)). From 2.2,
g ∈ CO(W )(s) if and only if
(uk, vl) = (guk, gvl) = (
∑
i
aikui,
∑
j
aq
k
jl vj) =
∑
i,j
aika
qk
jl (ui, vj),
i.e. tAUAq
k
= U . Therefore, CO(W )(s) ≃ GUm0(q
k). Similarly, g ∈ CCO(W )(s) if
and only if tAUAq
k
= τ(g)U . Note that if tAUAq
k
= U then t(εA)U(εA)q
k
= τ(g)U ,
where ε is a scalar in Fq2k such that ε
qk+1 = τ(g) (there always exists such an ε
for any τ(g) ∈ F∗q). That means τ : CCO(W )(s) → F
∗
q is an epimorphism and hence
CCO(W )(s) ≃ CO(W )(s) · Zq−1.
1b) Next, we show that CO(W )(s) ≃ GLn0(q
k) and CCO(W )(s) ≃ GLn0(q
k) · Zq−1,
where W = Uj for j = 1, ..., l
′, n0 = nj , and k = deg(gj). Note that the characteristic
polynomial of s acting on W is gn0j (x)ĝ
n0
j (x). Let λ ∈ Fqk be a root of gj. Then all
the roots of gj are λ, λ
q, ..., λq
k−1
and all the roots of ĝj are τλ
−1, ..., τλ−q
k−1
. Let
(fi) be a basis of W , and define a Frobenius endomorphism σ : Σixifi 7→ Σix
q
ifi on
W˜ := W ⊗Fq Fqk , where xi ∈ Fqk . The simplicity of s implies that W˜ = W˜1 ⊕ · · · ⊕
W˜k ⊕ W˜
′
1 ⊕ · · · ⊕ W˜
′
k, where W˜i = Ker(s − λ
qi−1) and W˜ ′j = Ker(s − τλ
−qj−1). We
see that σ permutes the W˜i’s and W˜
′
j ’s cyclically: σ(W˜i) = W˜i+1, σ(W˜
′
j) = W˜
′
j+1,
where W˜2k+1 = W˜1 and W˜
′
2k+1 = W˜
′
1. Let g ∈ CO(W ) commuting with s|W . Then g
preserves each W˜i, W˜
′
j . Again, the action of g on W˜ is completely determined by its
action on W˜1 and W˜
′
1. So CCO(W )(s) →֒ GL2n0(q
k). We also have
(2.3) W˜⊥1 =
⊕
i
W˜i
⊕
j≥2
W˜ ′j and W˜
′
1 ∩ W˜
⊥
1 = 0.
Choose basis (ui) and (vi) of W˜1 and W˜
′
1, respectively. Suppose that g acts on W˜1
with matrix A = (aij) (with respect to the basis (ui)) and on W˜
′
1 with matrix (bij)
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(with respect to the basis (vi)). From 2.3, g ∈ CO(W )(s) if and only if (gu, gv) = (u, v)
for any u ∈ W˜1, v ∈ W˜
′
1, i.e.
(uk, vl) = (guk, gvl) = (
∑
i
aikui,
∑
j
bjlvj) =
∑
i,j
aikbjl(ui, vj).
In other words, g ∈ CO(W )(s) if and only if
tAUB = U . Since U is non-degenerate,
tAUB = U means that B is uniquely determined by A. Therefore, CO(W )(s) ≃
GLn0(q
k). Similarly, g ∈ CCO(W )(s) if and only if (gu, gv) = τ(g)(u, v) for any u ∈ W˜1,
v ∈ W˜ ′1 or equivalently
tAUB = τ(g)U . Therefore, CCO(W )(s) ≃ CO(W )(s) · Zq−1.
1c) Lastly, we show that CO(Vτ )(s) ≃ O
±
m(q
2) and CCO(Vτ )(s) ≃ CO(Vτ )(s) · Zq−1.
Again, we have V˜τ = V˜1 ⊕ V˜2, where V˜τ = Vτ ⊗Fq Fq2, V˜1 = Ker(s − λ1), and
V˜2 = Ker(s + λ1). Furthermore, V˜1 ⊥ V˜2 and therefore V˜1, V˜2 are non-degenerate.
Similar arguments as in 1a), we see that the action of an element g ∈ CCO(Vτ )(s) on
V˜τ is completely determined by its action on V˜1. Hence, CO(Vτ )(s) ≃ O(V˜1) = O
±
m(q
2)
and CCO(Vτ )(s) ≃ CO(Vτ )(s) · Zq−1, since m is even.
Combining what we have proved in 1a), 1b), 1c), we have that
CO(V )(s) ≃ CO(Vτ )(s)×
∏
i
CO(Vi)(s)×
∏
j
CO(Uj)(s) ≃
≃ O±m(q
2)×
∏
i
GUmi(q
deg(fi)/2)
∏
j
GLnj (q
deg(gj)).
We have also proved that CCO(W )(s) ≃ CO(W )(s) ·Zq−1 for any W ∈ {Vτ , V1, ..., Vl, U1,
..., Ul′}. More precisely, given any α ∈ F
∗
q, there exists gW ∈ CCO(W )(s) such that
τ(gW ) = α for W ∈ {Vτ , V1, ..., Vl, U1, ..., Ul′}. Set g = (gVτ , gV1, ..., gVl, gU1, ..., gUl′ ).
Then g ∈ CCO(V )(s) and τ(g) = α. Hence, CCO(V )(s) ≃ CO(V )(s) · Zq−1. The Lemma
is proved in this case.
Case 2: If τ is a square in Fq, suppose that τ = λ
2
2 with λ2 ∈ Fq. Replacing s
by λ−12 s if necessary, we can assume that τ = 1. Decompose P (x) into irreducible
polynomials over Fq:
P (x) = (x− 1)k
′
(x+ 1)2m−k
′
l∏
i=1
fmii (x)
l′∏
j=1
g
nj
j (x)ĝj
nj(x),
where
• If λ is a root of fi(x) then λ
−1 is also a root of fi(x), deg(fi) is even, ±1 are
not the roots of fi,
• If λ is a root of gj(x) then λ
−1 is a root of ĝj(x), deg(gj) = deg(ĝj), gj 6= ĝj,
• n = m+ Σli=1mi deg(fi)/2 + Σ
l′
j=1nj deg(gj).
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Since 1 = τn = det(s) = (−1)2m−k
′
, k′ is even. Set k′ = 2k and
V ′ := Ker(s−1), V ′′ := Ker(s+1), Vi := (
P (x)
fmii (x)
)x=s(V ), Uj := (
P (x)
g
nj
j (x)ĝ
nj
j (x)
)x=s(V ).
Then V = V ′⊕V ”⊕V1⊕ · · ·Vl⊕U1⊕ · · · ⊕Ul′ is an orthogonal decomposition of V .
It is obvious that CO(V ′)(s) = O(V
′) = O±2k(q) and CO(V ”)(s) = O(V ”) = O
±
2(m−k)(q).
Furthermore, CCO(V ′)(s) = CO(V
′) = O±2k(q) · Zq−1 and CCO(V ”)(s) = CO(V ”) =
O±2(m−k)(q) · Zq−1. Now we can repeat the arguments in Case 1 and complete the
proof. 
Remark. Lemma 2.5 is wrong when s /∈ CO±2n(q)
0. Here is one example. Suppose
that q is odd. Let V = F2q = {(x, y) | x, y ∈ Fq} be the vector space of dimension
2. The quadratic form Q(x, y) = xy is non-degenerate of Witt index 1. The Gram
matrix of Q corresponding to the basis {(1, 0), (0, 1)} is J =
(
0 1
1 0
)
. By definition,
O+2 (q) is the group of matrices A ∈ GL2(q) such that
tAJA = J . Therefore,
O+2 (q) =
{(
a 0
0 a−1
)
,
(
0 a
a−1 0
)
| a ∈ F∗q
}
.
Similarly,
CO+2 (q) = {A ∈ GL2(q) | ∃τ ∈ F
∗
q ,
tAJA = τJ} =
{(
a 0
0 b
)
,
(
0 a
b 0
)
| a, b ∈ F∗q
}
.
Take the element s = J , which is semi-simple. Since τ(s) = 1 and det(s) = −1,
s /∈ CO+2 (q)
0. Direct computation shows that
CO+
2
(q)(s) =
{(
1 0
0 1
)
,
(
−1 0
0 −1
)
,
(
0 1
1 0
)
,
(
0 −1
−1 0
)}
.
On the other hand,
CCO+
2
(q)(s) =
{(
a 0
0 a
)
,
(
0 a
a 0
)
| a ∈ F∗q
}
.
Therefore, CCO+
2
(q)(s) ≇ CO+
2
(q)(s) · Zq−1 by order comparison.
3. Unipotent characters
3.1. Unipotent Characters of SO2n+1(q) and PCSp2n(q). Proposition 5.1 of
[TZ1] shows that SO2n+1(q) as well as PCSp2n(q) have a unique unipotent char-
acter of minimal degree (qn−1)(qn− q)/2(q+1) and any other non-trivial unipotent
character has degree greater than q2n/2(q+ 1). We mimic its proof and get Proposi-
tion 3.1, which classifies unipotent characters of degrees up to ≈ q6n−15/2.
10 HUNG NGOC NGUYEN
From [C1, p. 466, 467] , we know that the unipotent characters of SO2n+1(q) and
PCSp2n(q) are labeled by symbols of the form(
λ
µ
)
=
(
λ1 λ2 λ3 ... λa
µ1 µ2 ... µb
)
where 0 ≤ λ1 < λ2 < ... < λa, 0 ≤ µ1 < µ2 < ... < µb, a − b is odd and positive,
(λ1, µ1) 6= (0, 0), and ∑
i
λi +
∑
j
µj −
(
a+ b− 1
2
)2
= n.
The integer n is called the rank of the symbol
(
λ
µ
)
. The degree of the unipotent
character χλ,µ corresponding to the symbol
(
λ
µ
)
is equal to
(q2 − 1)(q4 − 1) · · · (q2n − 1)
∏
i′<i(q
λi − qλi′ )
∏
j′<j(q
µj − qµj′ )
∏
i,j(q
λi + qµj )
2
a+b−1
2 q(
a+b−2
2 )+(
a+b−4
2 )+···
∏
i
∏λi
k=1(q
2k − 1)
∏
j
∏µj
k=1(q
2k − 1)
.
Proposition 3.1. Let G∗ be either (Bn)ad(q) = SO2n+1(q) or (Cn)ad(q) = PCSp2n(q).
Suppose that n ≥ 6 and χ ∈ Irr(G∗) is unipotent. Then either χ is one of characters
labeled by
(
n
−
)
,
(
0 1 n
−
)
,
(
0 1
n
)
,
(
1 n
0
)
,
(
0 n
1
)
,
(
0 2 n−1
−
)
,
(
0 2
n−1
)
,
(
2 n−1
0
)
,
(
0 n−1
2
)
,
(
1 n−1
1
)
,(
0 1 2 n
1
)
,
(
0 1 2
1 n
)
,
(
1 2 n
0 1
)
,
(
0 1 n
1 2
)
, or χ(1) ≥ (q2n−2 − 1)(q2n − 1)(qn−2 − 1)(qn−2− q3)/2
(q2 − 1)(q4 − 1)(q3 + 1) (≈ q6n−15/2), which is the degree of the unipotent character
labeled by
(
0 3 n−2
−
)
.
Note: For reader’s convenience, we put these low-dimensional unipotent characters
in Table 1, where the degree of each character is calculated. To keep the paper not
too lengthy, we will skip detailed arguments of some inequalities in this and ongoing
proofs. We frequently use the following obvious estimates without notice:
(i) qa−b ≤
qa − 1
qb − 1
≤ qa−b(1 +
1
qb − 1
) for a ≥ b ≥ 1.
(ii)
∏n
i=2
qai − qa1
qai − qa1−1
>
1
2
for integers 1 ≤ a1 < a2 < ... < an.
Proof. 1) Define
D(n) = (q2n−2 − 1)(q2n − 1)(qn−2 − 1)(qn−2 − q3)/2(q2 − 1)(q4 − 1)(q3 + 1).
We have that
D(n)
D(n− 1)
=
(q2n − 1)(qn−2 − 1)(qn−5 − 1)
(q2n−4 − 1)(qn−3 − 1)(qn−6 − 1)
and q6 < D(n)/D(n − 1) < q7 for every n ≥ 7. Also, D(n) < q6n−14/2 for every
n ≥ 6. Let Ln be the set of 14 symbols in this Proposition. Note that if (n, q) 6= (6, 2)
then the degrees of characters corresponding to the symbols in Ln is smaller than
D(n). We will prove by induction on n ≥ 6 that if χ = χλ,µ with
(
λ
µ
)
is not in Ln,
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then χ(1) ≥ D(n). The induction base n = 6 can be checked easily by using [CH,
Table 27]. The rest of the proof establishes the induction step for n ≥ 7, by means
of induction on b ≥ 0.
2) Now we consider the case b = 0. Then a ≥ 1 is odd. We may assume a ≥ 3,
and λ 6= (0, 1, n), (0, 2, n− 1), (0, 3, n − 2). First we assume a = 3. If λ1 = 0 then
λ = (0, k, n+ 1− k), where 4 ≤ k < (n+ 1)/2; in particular, n ≥ 8. In this case,
χ(1) =
1
2
·
(q2(k+1) − 1) · · · (q2n − 1)
(q4 − 1) · · · (q2(n−k+1) − 1)
·
(qk − 1)(qn−k+1 − 1)(qn−k+1 − qk)
q2 − 1
>
>
1
2
q2(k−1)(n−k) ·
(qk − 1)(qn−k+1 − 1)(qn−k+1 − qk)
q2 − 1
.
Since 3 ≤ k − 1 < n − k, 2(k − 1)(n − k) ≥ 6(n − 4) = 6n − 24. Moreover,
n− k+ 1 > k. Therefore (qk − 1)(qn−k+1− 1)(qn−k+1− qk)/(q2− 1) > qk−2q2k ≥ q10.
It follows that χ(1) > 1
2
q6n−24q10 = q6n−14/2 > D(n) as required. If λ1 ≥ 1, then
λ = (k, l, n+ 1− k − l) with 1 ≤ k < l < n + 1− k − l. Then
χ(1) =
1
2
·
(q2(k+1) − 1) · · · (q2(k+l) − 1)
(q2 − 1) · · · (q2l − 1)
·
(q2(k+l+1) − 1) · · · (q2n − 1)
(q4 − 1) · · · (q2(n+1−k−l) − 1)
·
·
(ql − qk)(qn+1−k−l − qk)(qn+1−k−l − ql)
q2 − 1
>
1
2
q2klq2(k+l−1)(n−k−l)q2k+l.
If (k, l) = (1, 2) then λ = (1, 2, n− 2) and
χ(1) =
(q2 − q)(q2n−2 − 1)(q2n − 1)(qn−2 − q)(qn−2 − q2)
2(q2 − 1)2(q4 − 1)
> D(n)
for every n ≥ 6. It remains to consider (k, l) 6= (1, 2). Then k + l ≥ 4 and l ≥ 3. It
follows that 3 ≤ k+ l− 1 and 3 ≤ l ≤ n− k− l. Therefore, 2(k+ l− 1)(n− k− l) ≥
6(n−4). So, in this case, χ(1) > 1
2
q2klq6n−24q2k+l > 1
2
q6n−14 > D(n) and we are done.
Now we may assume a ≥ 5.
Suppose that λ1 ≥ 1. Consider the unipotent character χ
′ labeled by the symbol(
λ′
−
)
of rank n− 1, where λ′ = (λ1 − 1, λ2, ..., λa). We have
χ(1)
χ′(1)
=
(qλ2 − qλ1) · · · (qλa − qλ1)
(qλ2 − qλ1−1) · · · (qλa − qλ1−1)
·
q2n − 1
q2λ1 − 1
≥
q2(n−λ1)
2
.
Note that
∑a
i=1 λi −
(
a−1
2
)2
= n and hence n − λ1 = λ2 + · · · + λa −
(
a−1
2
)2
≥
(a − 1)λ1 +
a2−1
4
≥ 10. Therefore, χ(1)/χ′(1) ≥ q20/2 > q7. It follows that χ(1) ≥
q7D(n− 1) > D(n). Now we may assume that λ1 = 0.
Next we assume that λi − λi−1 ≥ 2 for some i ≥ 2. Consider the unipotent
character χ′ labeled by the symbol
(
λ′
−
)
of rank n − 1, where λ′ = (λ1, ..., λi−1, λi −
1, λi+1, ..., λa). Similarly, we have χ(1)/χ
′(1) > q2(n−λi)/2. By induction hypotheses,
χ′(1) ≥ D(n − 1). If n − λi ≥ 4 then χ(1) ≥ q
7D(n − 1) > D(n). Now suppose
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n − λi ≤ 3. Note that
∑
i λi =
(
a−1
2
)2
+ n. If i ≤ a − 1 then λa−1 ≥ n − 3 and
λa ≥ n − 2. Then
(
a−1
2
)2
+ n ≥ 0 + 1 + · · · + (a − 3) + (n − 3) + (n − 2) or
a2 − 8a − 9 + 4n ≤ 0. This is a contradiction because a ≥ 5 and n ≥ 7. Therefore
i = a and we have 0 + 1 + · · · + (a − 2) + λa =
(
a−1
2
)2
+ n. Since λa ≥ (n − 3),
a2 − 4a − 9 ≤ 0 and therefore a = 5. Then λ = (0, 1, 2, 3, n − 2) and it is easy to
check that χ(1) > D(n). Now we may assume λ = (0, 1, 2, ..., a− 2, a− 1). Consider
χ′ = χλ
′,µ′, where λ′ = (0, 1, 2, ..., a − 4, a − 3), and µ′ = µ. Note that a2 = 4n + 1
and the rank of χ′ is n− a+ 1. We have
χ(1)
χ′(1)
=
(q2(n−a+2) − 1)...(q2n − 1)
∏
i≥a−2,i>i′(q
i − qi
′
)
2q(
a−2
2 )
∏a−2
k=1(q
2k − 1)
∏a−1
k=1(q
2k − 1)
=
=
(q2(n−a+2) − 1)...(q2n − 1)
(q2 − 1)...(q2(a−1) − 1)
·
qa−1 − qa−2
2
·
a−3∏
i=0
(qa−1 − qi)(qa−2 − qi)
qi(q2(i+1) − 1)
.
Remark that
a−3∏
i=0
(qa−1 − qi)(qa−2 − qi)
qi(q2(i+1) − 1)
=
a−3∏
i=0
qi(qi+2 − 1)
qi+1 + 1
≥
2∏
i=0
qi(qi+2 − 1)
qi+1 + 1
> q4.
Therefore,
χ(1)
χ′(1)
≥
q2(n−a+1)(a−1)(qa−1 − qa−2)q4
2
.
Since n ≥ 7 and a2 = 4n+ 1, n ≥ 12 and a ≥ 7. Then (n− a+ 1)(a− 1) ≥ 6(n− 6).
Hence, χ(1)/χ′(1) > q12n−63/2 > q7 and we are done.
3) From now on we assume that b ≥ 1. At this point we suppose that (λ1, µ1) 6=
(1, 0) and λ1 ≥ 1. Consider the character χ
′ labeled by the symbol
(
λ′
µ′
)
of rank
n − 1, where λ′ = (λ1 − 1, λ2, ..., λa) and µ
′ = µ. If
(
λ′
µ′
)
∈ Ln−1 then
(
λ
µ
)
∈{(
1 2
n−2
)
,
(
3 n−2
0
)
,
(
1 n−2
2
)
,
(
2 n−2
1
)}
. It is easy to check that the degrees of characters
corresponding to these symbols are greater than D(n). Now we can assume
(
λ′
µ′
)
is
not in Ln−1. We have
χ(1)
χ′(1)
=
q2n − 1
q2λ1 − 1
·
a∏
i=2
qλi − qλ1
qλi − qλ1−1
·
b∏
j=1
qµj + qλ1
qµj + qλ1−1
>
q2n − 1
2(q2λ1 − 1)
>
q2(n−λ1)
2
.
If n− λ1 ≤ 3 then λ1 ≥ n− 3 and we have n− 3 + n− 2 + ...+ n+ a− 4 +
(b−1)b
2
≤
(a+b−1)2
4
+ n. This implies 4a(n− 3) + (a− b)2 ≤ 4n+ 1 and therefore a(n− 3) ≤ n.
Since n ≥ 7, a = 1 which leads to a contradiction since b ≥ 1. So n− λ1 ≥ 4. Then
we have χ(1)/χ′(1) > q7 and χ(1) > q7D(n− 1) > D(n) as desired.
LOW-DIMENSIONAL COMPLEX CHARACTERS OF FINITE CLASSICAL GROUPS 13
Similarly, for (λ1, µ1) 6= (0, 1) and µ1 ≥ 1, we consider the character χ
′ labeled
by the symbol
(
λ′
µ′
)
of rank n − 1, where λ′ = λ and µ′ = (µ1 − 1, µ2, ..., µb). If(
λ′
µ′
)
∈ Ln−1 then
(
λ
µ
)
∈
{(
2 n−2
1
)
,
(
0 n−2
3
)
,
(
1 n−2
2
)
,
(
0 1 2 n−1
2
)
,
(
0 1 2
2 n−1
)}
. Again, it is easy
to check that the degrees of characters corresponding to these symbols are greater
than D(n). Now we can assume
(
λ′
µ′
)
is not in Ln−1. We have
χ(1)
χ′(1)
=
q2n − 1
q2µ1 − 1
·
b∏
j=2
qµj − qµ1
qµj − qµ1−1
·
a∏
i=1
qλi + qµ1
qλi + qµ1−1
>
q2n − 1
2(q2µ1 − 1)
>
q2(n−µ1)
2
.
If n − µ1 ≥ 4 then χ(1)/χ
′(1) > q7 and χ(1) > q7D(n − 1) > D(n) as desired. If
n−µ1 ≤ 3 then µ1 ≥ n−3 and we have
(a−1)a
2
+n−3+n−2+...+n+b−4≤ (a+b−1)
2
4
+n.
This implies 4b(n − 3) + (a − b)2 ≤ 4n + 1. So b(n − 3) ≤ n. Since n ≥ 7, b = 1.
Then we have (a− 1)2 ≤ 13 and therefore a = 2 or a = 4.
Case a = 4,b = 1 : Then λ1+λ2+λ3+λ4+µ1 = n+4. This implies µ1 ≤ n− 2.
Hence
(
λ
µ
)
=
(
0 1 2 3
n−2
)
or
(
0 1 2 4
n−3
)
. The degrees of characters corresponding to both
these symbols are greater than D(n).
Case a = 2,b = 1 : Since n−3 ≤ µ1 ≤ n and
(
λ
µ
)
is not in Ln, we have
(
λ
µ
)
=
(
0 4
n−3
)
,(
1 3
n−3
)
,
(
0 3
n−2
)
or
(
1 2
n−2
)
. Again, the degrees of characters corresponding to these symbols
are greater than D(n).
It remains to consider the case where (λ1, µ1) = (0, 1) or (1, 0).
4) Here we suppose that (λ1, µ1) = (1, 0) but λ 6= (1, 2, ..., a). Then there exists
an i ≥ 2 such that λi ≥ λi−1 + 2. We choose i to be smallest possible. If a = 2 then
b = 1 and
(
λ
µ
)
=
(
1 n
0
)
∈ Ln. Hence a ≥ 3. Consider the character χ
′ labeled by the
symbol
(
λ′
µ′
)
of rank n− 1, where λ′ = (λ1, ..., λi−1, λi − 1, λi+1, ..., λa) and µ
′ = µ. If(
λ′
µ′
)
∈ Ln−1 then
(
λ
µ
)
can only be
(
1 3 n−1
0 1
)
. The degree of the corresponding character
is greater than D(n). Now we can assume that
(
λ′
µ′
)
is not in Ln−1. By induction
hypothesis, χ′(1) ≥ Dn−1. Set
T1 =
∏
i′<i
qλi − qλi′
qλi−1 − qλi′
, T2 =
∏
i′>i
qλi′ − qλi
qλi′ − qλi−1
, T3 =
∏
j
qλi + qµj
qλi−1 + qµj
.
Then χ(1)/χ′(1) = [(q2n − 1)/(q2λi − 1)]T1T2T3 > q
2(n−λi+1)/2 (see [TZ1, p. 2121]).
If n − λi ≥ 3 then χ(1)/χ
′(1) > q7 and therefore χ(1) ≥ D(n) as desired. Now we
assume n− λi ≤ 2. There are two cases:
Case n− λi = 2 : Then i ≥ a − 1. If i = a − 1 then a − b = 1, a = n − 2 and(
λ
µ
)
=
(
1 ··· n−4 n−2 n−1
0 ··· n−4
)
. Since n ≥ 7, a ≥ 5 and i = b ≥ 4. It follows that T1 ≥ q
3,
T3 ≥ q
b−1 ≥ q3. Hence χ(1)/χ′(1) > q10/2 > q7 and we are done. If i = a ≥ 3 then
T1 ≥ q
a−2 qλi−q
qλi−1−q
, T2 = 1 and T3 ≥
qλa+1
qλa−1+1
. Then χ(1)/χ′(1) > q7 and we are done.
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Case n− λi ≤ 1 : Then i = a and λa ≥ n − 1. If λa ≥ n then λa = n, a − b = 1
and
(
λ
µ
)
=
(
1 2 ... a−1 n
0 1 ... a−2
)
. Since
(
λ
µ
)
is not in Ln, a ≥ 4. We have
χ(1)
χ′(1)
=
a−1∏
j=1
(
qn − qj
qn−1 − qj
·
qn + qj−1
qn−1 + qj−1
)
=
(qn + 1)(qn−1 − 1)
(qn−a − 1)(qn−a+1 + 1)
> q2a−2.
If a ≥ 5 then χ(1)/χ′(1) > q8 and therefore we are done. If a = 4 then
(
λ
µ
)
=
(
1 2 3 n
0 1 2
)
and χ(1) > D(n). If λa = n−1 then we also have a− b = 1 and
(
λ
µ
)
=
(
1 2 ... a−1 n−1
0 1 ... a−3 a−1
)
.
If a = 3 then
(
λ
µ
)
=
(
1 2 n−1
0 2
)
. Check directly we see that χ(1) > D(n). If a ≥ 4 then
T1 > q
a−1 ≥ q3, T2 = 1 and T3 ≥ q
b−1 ≥ q2. So χ(1)/χ′(1) > q7 and we are done
again.
Similarly, suppose that (λ1, µ1) = (0, 1) but µ 6= (1, 2, ..., b); in particular, b ≥ 2.
Then there exists an index j ≥ 2 such that µj ≥ µj−1+2. We choose j to be smallest
possible. Consider the character χ′ labeled by the symbol
(
λ′
µ′
)
of rank n − 1, where
λ′ = λ and µ′ = (µ1, ..., µj−1, µj − 1, µj+1, ..., µb). If
(
λ′
µ′
)
∈ Ln−1 then
(
λ
µ
)
can only be(
0 1 n−1
1 3
)
. The degree of the corresponding character is greater than D(n) and hence
we are done in this case. Now we can assume
(
λ′
µ′
)
is not in Ln−1. Set
U1 =
∏
j′<j
qµj − qµj′
qµj−1 − qµj′
, U2 =
∏
j′>j
qµj′ − qµj
qµj′ − qµj−1
, U3 =
∏
i
qλi + qµj
qλi + qµj−1
.
Then χ(1)/χ′(1) = [(q2n − 1)/(q2µj − 1)]U1U2U3 > q
2(n−µj+1)/2 (see [TZ1, p. 2122]).
If n − µj ≥ 3 then χ(1)/χ
′(1) > q7 and therefore χ(1) ≥ Dn as desired. Now we
assume n− µj ≤ 2. There are two cases:
Case n− µj = 2 : Then j ≥ b − 1. If j = b − 1 then a − b = 1, b = n − 2 and(
λ
µ
)
=
(
0 1 ... n−2
1 ... n−4 n−2 n−1
)
. Since n ≥ 7, b ≥ 5 and j ≥ 4. It follows that U1 ≥ q
2 q
µj−q
qµj−1−q
,
T3 ≥
qµj+1
qµj−1+1
. Hence χ(1)/χ′(1) > q8/2 > q7 and we are done. If j = b ≥ 3 then
V1 ≥ q
qµj−q
qµj−1−q
, V2 = 1 and V3 ≥
qλa+1
qλa−1+1
. Therefore, χ(1)/χ′(1) > q7 and we are done
again. If j = b = 2 then a = 3 or a = 5. In any case, λa ≤ 4 < n − 2. Therefore,
in this case, U1 > q, U2 = 1 and U3 > q
2. Then χ(1)/χ′(1) > q7 and χ(1) ≥ Dn as
required.
Case n− µj = 1 : Then j = b and µb ≥ n − 1. If µb ≥ n then µb = n, a − b = 1
and
(
λ
µ
)
=
(
0 1 ... b
1 2 ... b−1 n
)
. Since
(
λ
µ
)
is not in Ln, b ≥ 3. We have
χ(1)
χ′(1)
=
b∏
i=0
qn + qi
qn−1 + qi
·
b−1∏
i=1
qn − qi
qn−1 − qi
=
(qn + 1)(qn−1 − 1)
(qn−b−1 + 1)(qn−b − 1)
> q2b−1.
If b ≥ 4 then χ(1)/χ′(1) > q7 and therefore we are done. If b = 3 then
(
λ
µ
)
=
(
0 1 2 3
1 2 n
)
.
In this case, χ(1) > D(n). If µb = n − 1 then we also have a − b = 1 and
(
λ
µ
)
=
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0 1 ... b−1 b+1
1 2 ... b−1 n−1
)
where n ≥ b+2. If b = 2 then
(
λ
µ
)
=
(
0 1 3
1 n−1
)
. Check directly we see that
χ(1) > D(n). If b ≥ 3 then U1 > q
b−1 ≥ q2, U2 = 1 and U3 ≥ q
3. So χ(1)/χ′(1) > q7
and we are done.
5) Here we suppose that µ1 = 0 and λ = (1, 2, ..., a). Consider the character χ
′
labeled by the symbol (
λ′
µ′
)
=
(
0 1 2 ... a
µ2 µ3 ... µb
)
of the same rank n, but with the parameters a′ = a + 1 and b′ = b− 1. It is easy to
see that
(
λ′
µ′
)
is not in Ln. So χ
′(1) > D(n) by the induction hypothesis (on b). But
χ(1)
χ′(1)
=
∏a
i=1(1 +
2
qi−1
)∏b
j=2(1 +
2
qµj−1
)
≥
∏a
i=1(1 +
2
qi−1
)∏b−1
j=1(1 +
2
qj−1
)
> 1,
so we are done.
Similarly, suppose that λ1 = 0 and µ = (1, 2, ..., b) but λ 6= (0, 1, ..., a− 1). Then
there exists an i ≥ 2 such that λi ≥ λi−1 + 2. We choose i to be smallest possible.
Consider the character χ′ labeled by the symbol(
λ′
µ′
)
=
(
λ1 ... λi−1 λi − 1 λi+1 ... λa
µ1 ... µb
)
of rank n′ = n−1. If
(
λ′
µ′
)
∈ Ln−1, then
(
λ
µ
)
is one of the symbols
(
0 1 3 n−1
1
)
,
(
0 2 n−1
1 2
)
.
In this case, we can check that χ(1) > D(n). Now we can suppose that
(
λ′
µ′
)
is not in
Ln−1. We have
χ(1)
χ′(1)
= q
2n−1
q2λi−1
· V1V2V3, where
V1 =
∏
i′<i
qλi − qλi′
qλi−1 − qλi′
, V2 =
∏
i′>i
qλi′ − qλi
qλi′ − qλi−1
, V3 =
∏
j
qλi + qµj
qλi−1 + qµj
.
Note that V1 ≥ (q
λi − 1)/(qλi−1 − 1) > q, V2 > 1/2 and V3 > 1. So χ(1)/χ
′(1) >
q2(n−λi)+1/2. If n− λi ≥ 4, then χ(1)/χ
′(1) > q9/2 and we are done. Now we assume
that n− λi ≤ 3. Then i ≥ a− 1. There are two cases:
Case i = a− 1 : We have (a − b)2 + 4b + 4λa−1 + 4λa = 4n + 8a − 11. Since
(a − b)2 + 4b ≥ 4a − 3 and λa ≥ a, λa−1 ≤ n − 2. If λa−1 = n − 2 then λa = a. It
follows that a ≥ n− 1 ≥ 6. Hence, V1 ≥ q
a−2 ≥ q4 and we have
χ(1)
χ′(1)
>
1
2
q4
q2n − 1
q2n−4 − 1
≥ q7,
so χ(1) > Dn. If λa−1 = n − 3 then λa ≤ a + 1. Then a + 1 ≥ n − 2 and therefore
a ≥ 4. Hence V1 ≥ q
a−2 ≥ q2. Again, we have
χ(1)
χ′(1)
>
1
2
q2
q2n − 1
q2n−6 − 1
≥ q7
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and we are done.
Case i = a : Then (a − b)2 + 4b + 4λa = 4n + 4a − 3. Therefore, (a − b − 2)
2 =
4(n− λa) + 1. Since n− λa ≤ 3, n− λa = 0 or 2. If n− λa = 2 then (a− b− 2)
2 = 9
and we have a− b = 5. In particular, a ≥ 6. Then V1 > q
a−1 ≥ q5. Moreover, in this
case, V2 = 1 and V3 > 1. So χ(1)/χ
′(1) > q9 and we are done. If n − λa = 0 then
a− b = 1 or 3. In this case, V1 > q
a−1, V2 = 1 and V3 > q
b−1. So χ(1)/χ′(1) > qa+b−2.
If (a, b) = (4, 3) or (5, 2) then
(
λ
µ
)
=
(
0 1 2 n
1 2 3
)
or
(
0 1 2 3 n
1 2 3
)
. Checking directly we have
χ(1) > D(n). Otherwise, a + b ≥ 9 and therefore χ(1)/χ′(1) ≥ q7 and we are done
again.
6) Finally, we consider the case where
(
λ
µ
)
=
(
0 1 2 ... a−1
1 2 ... b
)
. Consider the character
χ′ labeled by the symbol
(
λ′
µ′
)
=
(
0 1 2 ... a−2
1 2 ... b−1
)
of rank n− 1. Then we have
χ(1)
χ′(1)
=
qa+b−2(q2n − 1)
(qb − 1)(qa−1 + 1)
>
q2n − 1
q
> q7.
Note that
(
λ′
µ′
)
is not in Ln−1. Therefore, χ(1) > q
7χ′(1) ≥ q7D(n − 1) > D(n) as
desired. 
Corollary 3.2. Let G∗ be either (Bn)ad(q) = SO2n+1(q) or (Cn)ad(q) = PCSp2n(q).
Suppose that n ≥ 5 and χ ∈ Irr(G∗) is unipotent. Then either χ is one of characters
labeled by
(
n
−
)
,
(
0 1 n
−
)
,
(
0 1
n
)
,
(
1 n
0
)
,
(
0 n
1
)
, with degrees 1, (qn − 1)(qn − q)/2(q + 1),
(qn+1)(qn+q)/2(q+1), (qn+1)(qn−q)/2(q−1), (qn−1)(qn+q)/2(q−1), respectively,
or χ(1) > q4n−8.
Proof. If n ≥ 6, Corollary comes from Proposition 3.1. The case n = 5 can be verified
easily by using Table 26 of [CH]. 
3.2. Unipotent Characters of P (CO−2n(q)
0). Proposition 7.1 in [TZ1] shows that
the projective conformal orthogonal group of type −, P (CO−2n(q)
0), has a unique
unipotent character of minimal degree (qn+1)(qn−1− q)/(q2−1) and any other non-
trivial unipotent character has degree greater than q2n−2. We mimic its proof and
get Proposition 3.3, which classifies unipotent characters of degrees up to q4n−10.
From [C1, p. 475, 476], we know that the unipotent characters of P (CO−2n(q)
0) are
labeled by symbols of the form(
λ
µ
)
=
(
λ1 λ2 λ3 ... λa
µ1 µ2 ... µb
)
,
where 0 ≤ λ1 < λ2 < ... < λa, 0 ≤ µ1 < µ2 < ... < µb, a > b, a − b ≡ 2(mod 4),
(λ1, µ1) 6= (0, 0), and ∑
i
λi +
∑
j
µj −
[(
a+ b− 1
2
)2]
= n.
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The integer n is called the rank of the symbol
(
λ
µ
)
. The degree of the unipotent
character χλ,µ corresponding to the symbol
(
λ
µ
)
is equal to
(qn + 1)
∏n−1
i=1 (q
2i − 1)
∏
i′<i(q
λi − qλi′ )
∏
j′<j(q
µj − qµj′ )
∏
i,j(q
λi + qµj )
2
a+b−2
2 q(
a+b−2
2 )+(
a+b−4
2 )+···
∏
i
∏λi
k=1(q
2k − 1)
∏
j
∏µj
k=1(q
2k − 1)
.
Proposition 3.3. Let G∗ = (2Dn)ad(q) = P (CO
−
2n(q)
0). Suppose that n ≥ 6 and χ ∈
Irr(G∗) is unipotent. Then either χ is one of the characters labeled by
(
0 n
−
)
,
(
1 n−1
−
)
,(
0 1 n
1
)
with degrees 1, (qn + 1)(qn−1 − q)/(q2 − 1), (q2n − q2)/(q2 − 1), respectively,
or χ(1) > q4n−10. Furthermore, when n = 5, G∗ has one more character of degree
q2(q4+1)(q5+1)/(q+1) (corresponding to the symbol
(
2 3
−
)
), which is less than q4n−10.
Proof. Denote Ln =
(
0 n
−
)
,
(
1 n−1
−
)
,
(
0 1 n
1
)
if n ≥ 6 and Ln =
(
0 n
−
)
,
(
1 n−1
−
)
,
(
0 1 n
1
)
,(
2 n−2
−
)
if n = 5. We will prove by induction on n ≥ 5 that if χ = χλ,µ and
(
λ
µ
)
/∈ Ln,
then χ(1) > q4n−10. The induction base n = 5 can be checked easily by using [CH,
Table 31]. The rest of the proof establishes the induction step for n ≥ 6.
1) At this point we suppose that (λ1, µ1) 6= (1, 0) and λ1 ≥ 1 (eventually b may
be zero). Consider the unipotent character χ′ labeled by the symbol
(
λ′
µ′
)
of rank
n − 1, where λ′ = (λ1 − 1, λ2, ..., λa) and µ
′ = µ. If
(
λ′
µ′
)
∈ Ln−1 then
(
λ
µ
)
=
(
2 n−2
−
)
and therefore χ(1) = (q2n−2 − 1)(qn + 1)(qn−2 − q2)/(q2 − 1)(q4 − 1) > q4n−10. So
we can suppose that
(
λ′
µ′
)
is not in Ln−1. By induction hypothesis, χ
′(1) > q4(n−1)−10.
Observe that n =
∑
i λi +
∑
j µj −
(a+b)2−2(a+b)
4
≥ aλ1 +
(a−b)2
4
. Since a ≥ 2 and
a− b ≥ 2, 2λ1 < n. Note that n ≥ 6. It follows that λ1 ≤ n− 4. We have
χ(1)
χ′(1)
=
(qn + 1)(qn−1 − 1)
q2λ1 − 1
·
a∏
i=2
qλi − qλ1
qλi − qλ1−1
·
b∏
j=1
qλ1 + qµj
qλ1−1 + qµj
>
>
(qn + 1)(qn−1 − 1)
2(q2λ1 − 1)
≥
(qn + 1)(qn−1 − 1)
2(q2n−8 − 1)
> q4,
and therefore χ(1) > q4n−10.
2) Similarly, supposing (λ1, µ1) 6= (0, 1) and µ1 ≥ 1, consider the unipotent charac-
ter χ′ labeled by the symbol
(
λ′
µ′
)
of rank n−1, where λ′ = λ and µ′ = (µ1−1, µ2, ..., λb).
If
(
λ′
µ′
)
∈ Ln−1 then
(
λ
µ
)
=
(
0 1 n−1
2
)
and therefore χ(1) = (qn + 1)(qn−1 − 1)(qn−1 −
q)(qn−1 + q2)/2(q2 − 1)2 > q4n−10. So we can suppose that
(
λ′
µ′
)
is not in Ln−1. By
induction hypothesis, χ′(1) > q4(n−1)−10. Set
T1 =
b∏
j=2
qµj − qµ1
qµj − qµ1−1
, T2 =
a∏
i=1
qλi + qµ1
qλi + qµ1−1
.
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Then, if n− µ1 ≥ 4,
χ(1)
χ′(1)
=
(qn + 1)(qn−1 − 1)
q2µ1 − 1
T1T2 >
(qn + 1)(qn−1 − 1)
2(q2µ1 − 1)
> q4.
If n − µ1 = 3 then b = 1 since bµ1 < n and n ≥ 6. Then T1 = 1 and we still have
χ(1)
χ′(1)
> (q
n+1)(qn−1−1)
q2µ1−1
> q4. It follows that χ(1) > q4n−10 when n−µ1 ≥ 3. If n−µ1 ≤ 2,
then
(
λ
µ
)
=
(
0 1 2
n−1
)
,
(
0 1 3
n−2
)
. Checking directly, we again have χλ,µ(1) > q4n−10.
3) Now we consider the case where b = 0 and λ1 = 0. If a = 2 then we can suppose
λ = (k, n− k) with 3 ≤ k < n− k (k = 2 is considered already in 1)). Then
χ(1) =
(qn + 1)(qn−k − qk)
∏n−1
i=k+1(q
2i − 1)∏n−k
i=1 (q
2i − 1)
>
> qn+k−2q2(k−1)(n−k−1) ≥ qn+1q4n−16 > q4n−10.
Now we may assume a ≥ 6. First we suppose that λ 6= (0, 1, ..., a− 1). Then there
exists i ≥ 2 such that λi − λi−1 ≥ 2. Consider the character χ
′ corresponding to the
symbol
(
λ′
−
)
, where λ′ = (..., λi−1, λi− 1, λi+1, ...). Note that n− λi ≥ (a− 2)
2/4 ≥ 4.
Therefore, χ(1)/χ′(1) > (qn+1)(qn−1−1)/2(q2λi−1) > q4. The induction hypothesis
χ′(1) > q4n−14 implies that χ(1) > q4n−10.
Next we suppose that λ = (0, 1, ..., a−1). Then χ(1) = (qn+1)f(a) and n = a2/4,
where
(3.4) f(a) =
(q2 − 1)(q4 − 1) · · · (q(a
2−4)/2 − 1)
∏
0≤i′≤i≤a−1(q
i − qi
′
)
2
a−2
2 q(
a−2
2 )+(
a−4
2 )+···
∏a−1
i=0
∏i
k=1(q
2k − 1)
for any even a. It is easy to show that f(a)/f(a−2) > qa(a−1)(a−3)/2/26 > q3a
2/4 = q3n
for a ≥ 6. Furthermore, f(4) > 1. It follows that χ(1) > q4n−10 and we are done.
It remains to consider the case where b ≥ 1 and (λ1, µ1) = (0, 1) or (1, 0).
4) Here we suppose that (λ1, µ1) = (1, 0) but λ 6= (1, 2, ..., a). Then there exists
i ≥ 2 such that λi ≥ λi−1+2. Choose i to be smallest possible. Consider the unipotent
character χ′ labeled by
(
λ′
µ′
)
of rank n− 1, with λ′ = (λ1, ..., λi−1, λi − 1, λi+1, ..., λa)
and µ′ = µ. By the induction hypothesis, χ′(1) > q4n−14. Set
U1 =
∏
i′<i
qλi − qλi′
qλi−1 − qλi′
, U2 =
∏
i′>i
qλi′ − qλi
qλi′ − qλi−1
, U3 =
∏
j
qλi + qµj
qλi−1 + qµj
.
If n− λi ≥ 3 then
χ(1)
χ′(1)
=
(qn + 1)(qn−1 − 1)
q2λi − 1
U1U2U3 >
(qn + 1)(qn−1 − 1)
q2λi − 1
·
qλi − q
qλi−1 − q
·
1
2
·
qλi + 1
qλi−1 + 1
>
>
(qn + 1)(qn−1 − 1)q2
2(q2λi − 1)
≥
(qn + 1)(qn−1 − 1)q2
2(q2n−6 − 1)
> q4,
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so χ(1) > q4n−10. If n− λi ≤ 2 then i = a. Note that n− λi ≥ 1. As b ≥ 1, we have
a ≥ 3. Therefore
U1 ≥
(qλa − q)(qλa − q2)
(qλa−1 − q)(qλa−1 − q2)
, U2 = 1, U3 ≥
qλa + 1
qλa−1 + 1
.
It follows that
χ(1)
χ′(1)
≥
qn + 1
qn−1 + 1
·
(qλa − q)(qλa − q2)
(qλa−1 − q)(qλa−1 − q2)
·
qλa + 1
qλa−1 + 1
> q4,
so χ(1) > q4n−10 as required.
5) Similarly, suppose that (λ1, µ1) = (0, 1) but µ 6= (1, 2, ..., b). Then there exists
j ≥ 2 such that µj ≥ µj−1+2. Consider the unipotent character χ
′ labeled by
(
λ′
µ′
)
of
rank n− 1, with λ′ = λ and µ′ = (µ1, ..., µj−1, µj − 1, µj+1, ..., µb). By the induction
hypothesis, χ′(1) > q4n−14. Set
V1 =
∏
j′<j
qµj − qµj′
qµj−1 − qµj′
, V2 =
∏
j′>j
qµj′ − qµj
qµj′ − qµj−1
, V3 =
∏
i
qλi + qµj
qλi + qµj−1
.
If n− µj ≥ 3 then
χ(1)
χ′(1)
=
(qn + 1)(qn−1 − 1)
q2µj − 1
V1V2V3 >
(qn + 1)(qn−1 − 1)
q2µj − 1
·
qµj − q
qµj−1 − q
·
1
2
·
qµj + 1
qµj−1 + 1
>
>
(qn + 1)(qn−1 − 1)q2
2(q2µj − 1)
> q4,
so χ(1) > q4n−10 as desired. If n− µj = 2 then j = b and therefore V2 = 1. We have
χ(1)/χ′(1) > (qn+1)(qn−1−1)q2/(q2µj −1) > q4 and we are done. Now suppose that
n− µj ≤ 1. Then n− µj = 1, a− b = 2, and(
λ
µ
)
=
(
0 1 ... a− 2 a− 1
1 2 ... b− 1 n− 1
)
.
As b ≥ 2, we have a ≥ 4. It follows that V1 > q, V3 ≥ (q
n−1 + 1)/(qn−5 + 1) > q3.
Hence χ(1)/χ′(1) > q4 and we are done again.
6) Here we suppose that µ1 = 0 and λ = (1, 2, ..., a). First we consider the case
where µ 6= (0, 1, ..., b− 1). Then there exists an index j ≥ 2 such that µj ≥ µj−1+ 2.
Consider the unipotent character χ′ labeled by
(
λ′
µ′
)
of rank n − 1, with λ′ = λ and
µ′ = (µ1, ..., µj−1, µj − 1, µj+1, ..., µb). Since
(
λ′
µ′
)
is not in Ln−1, by the induction
hypothesis, we have χ′(1) > q4n−14. Observe that n−µj ≥ (a− b+2)
2/4 ≥ 4. So we
have
χ(1)
χ′(1)
=
(qn + 1)(qn−1 − 1)
q2µj − 1
·
∏
j′<j
qµj − qµj′
qµj−1 − qµj′
·
∏
j′>j
qµj′ − qµj
qµj′ − qµj−1
·
∏
i
qλi + qµj
qλi + qµj−1
>
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>
(qn + 1)(qn−1 − 1)
2(q2µj − 1)
> q4,
and hence χ(1) > q4n−10.
Next we consider the case where µ = (0, 1, ..., b−1). Observe that n = a+(a−b)2/4.
If b = 1 then n = (a + 1)2/4 and χ(1) > (qn + 1)f(a + 1) where f is the function
defined in formula (3.4). Since n ≥ 6, it follows that a ≥ 7. We have already proved
that f(a + 1) > q3n−10 for a ≥ 5. Therefore χ(1) > q4n−10 as required. Now we can
assume b ≥ 2. Consider the unipotent character χ′ labeled by
(
λ′
µ′
)
of rank n−1, with
λ′ = (1, 2, ..., a− 1) and µ′ = (0, 1, ..., b− 2). Since
(
λ′
µ′
)
is not in Ln−1, again by the
induction hypothesis, χ′(1) > q4n−14. Furthermore,
χ(1)
χ′(1)
=
qa+b−2(qn + 1)(qn−1 − 1)
(qa − 1)(qb−1 + 1)
> q2n−3 > q4.
Consequently, χ(1) > q4n−10.
7) Finally, we suppose that λ1 = 0 and µ = (1, 2, ..., b). First we consider the
case where λ 6= (0, 1, ..., a − 1). Then there exists i ≥ 2 such that λi ≥ λi−1 + 2.
Choose i to be smallest possible. Consider the unipotent character χ′ labeled by
(
λ′
µ′
)
of rank n − 1, with λ′ = (λ1, ..., λi−1, λi − 1, λi+1, ..., λa) and µ
′ = µ. If
(
λ′
µ′
)
∈ Ln−1
then
(
λ
µ
)
=
(
0 2 n−1
1
)
and by checking directly we have χ(1) > q4n−10. Therefore we
can suppose that
(
λ′
µ′
)
is not in Ln−1. In other words, by the induction hypothesis,
χ′(1) > q4n−14. Remark that n− λi ≥ 0. Set
W1 =
∏
i′<i
qλi − qλi′
qλi−1 − qλi′
,W2 =
∏
i′>i
qλi′ − qλi
qλi′ − qλi−1
,W3 =
∏
j
qλi + qµj
qλi−1 + qµj
.
Note that W1 ≥ (q
λi − 1)/(qλi−1 − 1) > q, W2 > 1/2 and W3 > 1. Therefore, if
n− λi ≥ 3,
χ(1)
χ′(1)
=
(qn + 1)(qn−1 − 1)
q2λi − 1
W1W2W3 >
(qn + 1)(qn−1 − 1)q
2(q2λi − 1)
> q4,
so χ(1) > q4n−10. If 1 ≤ n− λi ≤ 2 then either i = a or(
λ
µ
)
=
(
0 ... n− 4 n− 2 n− 1
1 ... n− 3
)
.
In the former case, W2 = 1 and we have
χ(1)
χ′(1)
≥
(qn + 1)(qn−1 − 1)
q2λi − 1
·
(qλi − 1)(qλi − q)
(qλi−1 − 1)(qλi−1 − q)
·
qλi + q
qλi−1 + q
>
>
(qn + 1)(qn−1 − 1)
(qn−1 + 1)(qn−2 − 1)
·
q2λi − q2
q2λi−2 − q2
> q4,
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and therefore we are done. In the latter case, since n ≥ 6, W1 ≥ q
4 and we are done
also. If n = λi, then i = a, a− b = 2 and λ = (0, 1, ..., a− 2, n). Since
(
λ
µ
)
is not in
Ln, a ≥ 4. Then we have
χ(1)
χ′(1)
=
a−2∏
i=1
qn − qi
qn−1 − qi
·
a−2∏
j=1
qn + qj
qn−1 + qj
> q2(a−2) ≥ q4,
so χ(1) > q4n−10.
The last configuration we have to handle is that λ = (0, 1, ..., a − 1) and µ =
(1, 2, ..., b). Consider the unipotent character χ′ labeled by
(
λ′
µ′
)
of rank n − 1, with
λ′ = (0, 1, ..., a − 2) and µ′ = (1, 2, ..., b − 1) (if b = 1, µ′ is just empty). By the
induction hypothesis, χ′(1) > q4n−14. Furthermore,
χ(1)
χ′(1)
=
qa+b−2(qn + 1)(qn−1 − 1)
(qa − 1)(qb−1 + 1)
> q2n−3 > q4.
Consequently, χ(1) > q4n−10. 
3.3. Unipotent Characters of P (CO+2n(q)
0). Proposition 7.2 in [TZ1] shows that
the projective conformal orthogonal group of type +, P (CO+2n(q)
0), has a unique
unipotent character of minimal degree (qn−1)(qn−1+ q)/(q2−1) and any other non-
trivial unipotent character has degree greater than q2n−2. We mimic its proof and
get Proposition 3.4, which classifies unipotent characters of degrees up to q4n−10.
From [C1, p. 471, 472], we know that the unipotent characters of G are labeled by
symbols of the form (
λ
µ
)
=
(
λ1 λ2 λ3 ... λa
µ1 µ2 ... µb
)
,
where 0 ≤ λ1 < λ2 < ... < λa, 0 ≤ µ1 < µ2 < ... < µb, a − b ≡ 0(mod 4),
(λ1, µ1) 6= (0, 0), and ∑
i
λi +
∑
j
µj −
[(
a+ b− 1
2
)2]
= n.
The integer n is called the rank of the symbol
(
λ
µ
)
. The degree of the unipotent
character χλ,µ corresponding to the symbol
(
λ
µ
)
is equal to
(qn − 1)
∏n−1
i=1 (q
2i − 1)
∏
i′<i(q
λi − qλi′ )
∏
j′<j(q
µj − qµj′ )
∏
i,j(q
λi + qµj )
2cq(
a+b−2
2 )+(
a+b−4
2 )+···
∏
i
∏λi
k=1(q
2k − 1)
∏
j
∏µj
k=1(q
2k − 1)
.
Here c = (a+ b− 2)/2 if λ 6= µ, and c = a if λ = µ. In the former case,
(
λ
µ
)
and
(
µ
λ
)
determine the same unipotent character. In the latter case, there are two unipotent
characters with the same symbols.
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Proposition 3.4. Let G∗ = (Dn)ad(q) = P (CO
+
2n(q)
0). Suppose that n ≥ 5, (n, q) 6=
(5, 2), and χ ∈ Irr(G∗) is unipotent. Then either χ is one of characters labeled by
(
n
0
)
,(
n−1
1
)
,
(
0 1
1 n
)
with degrees 1, (qn−1)(qn−1+q)/(q2−1), (q2n−q2)/(q2−1), respectively,
or χ(1) > q4n−10. Furthermore, when (n, q) = (5, 2), G∗ has one more character of
degree 868 (corresponding to the symbol
(
0 1 2 4
−
)
), which is less than q4n−10.
Proof. When n = 5, Proposition can be verified directly by using [CH, Table 30].
Denote Ln = {{(n), (0)}, {(n−1), (1)}, {(0, 1), (1, n)}}. We will prove by induction on
n ≥ 5 that if χ = χλ,µ and {λ, µ} /∈ Ln, then χ(1) > q
4n−10, provided (n, q) 6= (5, 2).
The rest of the proof establishes the induction step for n ≥ 6.
1) At this point we suppose that (λ1, µ1) 6= (1, 0) and λ1 ≥ 1 (eventually b may be
zero). Consider the unipotent character χ′ labeled by the symbol
(
λ′
µ′
)
of rank n− 1,
where λ′ = (λ1−1, λ2, ..., λa) and µ
′ = µ. If {λ, µ} ∈ Ln−1 then
(
λ
µ
)
=
(
2
n−2
)
or
(
2 n−1
0 1
)
and therefore χ(1) > q4n−10. So we can suppose that
(
λ′
µ′
)
is not in Ln−1. By induction
hypothesis, χ′(1) > q4(n−1)−10. The condition n =
∑
i λi +
∑
j µj −
(a+b)2−2(a+b)
4
≥
aλ1 +
(a−b)2
4
implies that n− λ1 ≥ 0. If λ1 ≤ n− 4 then
χ(1)
χ′(1)
≥
(qn − 1)(qn−1 + 1)
2(q2λ1 − 1)
·
a∏
i=2
qλi − qλ1
qλi − qλ1−1
·
b∏
j=1
qλ1 + qµj
qλ1−1 + qµj
>
>
(qn − 1)(qn−1 + 1)
4(q2λ1 − 1)
≥
(qn − 1)(qn−1 + 1)
4(q2n−8 − 1)
> q4,
so χ(1) > q4n−10. If n− λ1 ≤ 3 then a = 1 and (a− b)
2/4 ≤ 3. Since a− b ≡ 0(mod
4), a = b = 1. Note that {λ, µ} is not in Ln. So
(
λ
µ
)
=
(
n−2
2
)
or
(
n−3
3
)
. Checking
directly, we have χ(1) > q4n−10 as required.
The case (λ1, µ1) 6= (0, 1) and µ1 ≥ 1 can be reduced to 1) by interchanging λ and
µ.
2) Now we consider the case where b = 0 and λ1 = 0. Then a ≡ 0(mod 4). First
we suppose that λ 6= (0, 1, ..., a− 1). Then there exists i ≥ 2 such that λi−λi−1 ≥ 2.
We choose i to be smallest possible. Consider the character χ′ corresponding to the
symbol
(
λ′
−
)
, where λ′ = (..., λi−1, λi − 1, λi+1, ...). Note that n − λi ≥ (a − 2)
2/4.
Therefore, χ(1)/χ′(1) > (qn+1)(qn−1−1)/2(q2λi−1) > q4 if a ≥ 8. It is obvious that(
λ′
−
)
/∈ Ln−1. If (n, q) = (6, 2) and λ
′ = (0, 1, 2, 5) or (0, 1, 3, 4), we can check directly
that χ(1) > q4n−10. Otherwise, the induction hypothesis χ′(1) > q4n−14 implies that
χ(1) > q4n−10. If a = 4 and n−λi ≥ 3, then again χ(1)/χ
′(1) > q4, so χ(1) > q4n−10.
If a = 4 and n − λi ≤ 2, then i = a and λ = (0, 1, 2, n − 1). Direct computation
shows that χ(1) > q4n−10 and we are done. Next we suppose that λ = (0, 1, ..., a−1).
Then χ(1) = (qn − 1)f(a) and n = a2/4, where f(a) is the function defined in (3.4).
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Note that n ≥ 6, so a ≥ 8. We already showed that f(a) > q3n for a ≥ 6. Hence,
χ(1) > q4n−10 as desired.
Again, the case a = 0 and µ1 = 0 can be reduced to 2) by interchanging λ and
µ. Therefore, it remains to consider the case where a, b ≥ 1 and (λ1, µ1) = (0, 1) or
(1, 0). By a similar reason as above, it is enough to suppose that (λ1, µ1) = (1, 0).
3) Here we suppose that λ 6= (1, 2, ..., a). Then there exists i ≥ 2 such that
λi ≥ λi−1 + 2. Choose i to be smallest possible. Consider χ
′ labeled by
(
λ′
µ′
)
of rank
n−1, with λ′ = (λ1, ..., λi−1, λi−1, λi+1, ..., λa) and µ
′ = µ. By induction hypothesis,
χ′(1) > q4n−14. Set
U1 =
∏
i′<i
qλi − qλi′
qλi−1 − qλi′
, U2 =
∏
i′>i
qλi′ − qλi
qλi′ − qλi−1
, U3 =
∏
j
qλi + qµj
qλi−1 + qµj
.
If n− λi ≥ 2 then
χ(1)
χ′(1)
=
(qn − 1)(qn−1 + 1)
q2λi − 1
U1U2U3 >
(qn − 1)(qn−1 + 1)
q2λi − 1
·
qλi − q
qλi−1 − q
·
1
2
·
qλi + 1
qλi−1 + 1
>
>
(qn − 1)(qn−1 + 1)q2
2(q2λi − 1)
≥
(qn − 1)(qn−1 + 1)q2
2(q2n−4 − 1)
> q4,
so χ(1) > q4n−10. If n − λi ≤ 1 then i = a = b. Note that n − λi ≥ 0. If n− λi = 1
then (
λ
µ
)
=
(
1 2 ... a− 1 n− 1
0 1 ... a− 2 a
)
.
The case a = 2 can be checked directly. So we can suppose a ≥ 3. Then
U1 ≥
(qn−1 − q)(qn−1 − q2)
(qn−2 − q)(qn−2 − q2)
, U2 = 1, U3 ≥
qn−1 + 1
qn−2 + 1
.
It follows that
χ(1)
χ′(1)
≥
qn − 1
qn−1 − 1
·
(qn−1 − q)(qn−1 − q2)
(qn−2 − q)(qn−2 − q2)
·
qn−1 + 1
qn−2 + 1
> q4,
so χ(1) > q4n−10 as required. If n− λi = 0 then(
λ
µ
)
=
(
1 2 ... a− 1 n
0 1 ... a− 2 a− 1
)
.
Since {λ, µ} is not in Ln, a ≥ 3. Then
χ(1)
χ′(1)
≥
(qn − 1)(qn−1 + 1)
q2n − 1
·
(qn − q)(qn − q2)
(qn−1 − q)(qn−1 − q2)
·
(qn + 1)(qn + q)(qn + q2)
(qn−1 + 1)(qn−1 + q)(qn−1 + q2)
=
(qn − q)(qn − q2)
(qn−1 − q)(qn−1 − q2)
·
(qn + q)(qn + q2)
(qn−1 + q)(qn−1 + q2)
> q4,
and therefore χ(1) > q4n−10.
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4) Finally, we suppose that µ1 = 0 and λ = (1, 2, ..., a). First we consider the case
where µ 6= (0, 1, ..., b− 1). Then there exists an index j ≥ 2 such that µj ≥ µj−1+ 2.
Consider the unipotent character χ′ labeled by
(
λ′
µ′
)
of rank n − 1, with λ′ = λ and
µ′ = (µ1, ..., µj−1, µj−1, µj+1, ..., µb). If {λ
′, µ′} ∈ Ln−1 then
(
λ′
µ′
)
=
(
1 n−1
0 2
)
and hence
χ(1) > q4n−10 by direct computation. Therefore we can assume {λ′, µ′} is not in
Ln−1. By the induction hypothesis, χ
′(1) > q4n−14. Set
V1 =
∏
j′<j
qµj − qµj′
qµj−1 − qλj′
, V2 =
∏
j′>j
qµj′ − qµj
qµj′ − qµj−1
, V3 =
∏
i
qλi + qµj
qλi + qµj−1
.
Remark that V1 > q, V2 > 1/2, V3 > 1 and n− µj ≥ 1. If n− µj ≥ 3, we have
χ(1)
χ′(1)
=
(qn − 1)(qn−1 + 1)
q2µj − 1
V1V2V3 >
(qn − 1)(qn−1 + 1)q
2(q2µj − 1)
≥
(qn − 1)(qn−1 + 1)q
2(q2n−6 − 1)
> q4,
so χ(1) > q4n−10. If n − µj = 2 then j = b and V2 = 1. We still have χ(1)/χ
′(1) >
(qn−1)(qn−1+1)q/(q2n−4−1) > q4 and we are done. The last case we need to handle
is n− µj = 1. Note that j = b and V2 = 1 in this case. If b ≥ 3 then
V1 ≥
(qn−1 − 1)(qn−1 − q)
(qn−2 − 1)(qn−2 − q)
>
q(qn−1 − q)
(qn−2 − q)
, V3 ≥
qn−1 + q
qn−2 + q
.
It follows that
χ(1)
χ′(1)
>
(qn − 1)(qn−1 + 1)
q2n − 1
·
q(qn−1 − q)
(qn−2 − q)
·
qn−1 + q
qn−2 + q
> q4,
so χ(1) > q4n−10. If b ≤ 2 then a = b = 2 and
(
λ
µ
)
=
(
1 2
0 n−1
)
, hence χ(1) > q4n−10.
Next we consider the case where µ = (0, 1, ..., b − 1). Consider the unipotent
character χ′ labeled by
(
λ′
µ′
)
of rank n−1, with λ′ = (1, 2, ..., a−1) and µ′ = (0, 1, ..., b−
2) (if a = 1, λ′ is just empty; if b = 1, µ′ is just empty). It is obvious that {λ′, µ′} is
not in Ln−1 and therefore χ
′(1) > q4n−14 by the induction hypothesis. Furthermore,
χ(1)
χ′(1)
=
qa+b−2(qn − 1)(qn−1 + 1)
(qa − 1)(qb−1 + 1)
> q2n−3 > q4.
Consequently, χ(1) > q4n−10. 
4. Odd characteristic symplectic groups
The low-dimensional unipotent characters of G = Sp2n(q), q odd (up to degree
(q2n−2 − 1)(q2n − 1)(qn−2 − 1)(qn−2 − q3)/2 (q2 − 1)(q4 − 1)(q3 + 1)) are already
classified in Proposition 3.1. Therefore, Theorem 1.1 will be proved if we can classify
non-unipotent characters of G of degrees up to q4n−10(qn − 1)/2. We know that the
dual group of G is G∗ = SO2n+1(q) and every non-unipotent character χ ∈ Irr(G) is
parameterized by a pair ((s), ψ) where (s) is a nontrivial geometric conjugacy class
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of a semi-simple element s ∈ G∗ and ψ is an irreducible unipotent character of the
centralizer C := CG∗(s). Moreover, χ(1) = (G
∗ : C)p′ψ(1).
Proposition 4.1. Let G = Sp2n(q) where n ≥ 6 and q is an odd prime power.
Suppose that α, α1, α2 = ± and χ ∈ Irr(G) is not unipotent of degree less than
q4n−10(qn − 1)/2. Then one of the following holds:
1) χ(1) = (q2n−2 − 1)(q2n − 1)/|A|p′, where A = GL
α
2 (q), Zq2−α, or Zq−α1 ×
Zq−α2, and χ is parameterized by ((s), 1C), where C ≃ SO2n−3(q) × A or
χ(1) = q(q2n−2 − 1)(q2n − 1)/(q − α)(q2 − 1), and χ is parameterized by
((s), 1SO2n−3(q) ⊗ λ), where C ≃ SO2n−3(q) × GL
α
2 (q) and λ is the unique
nontrivial unipotent character of degree q of GLα2 (q).
2) χ(1) = (qn−1 + α1)(q
2n − 1)/2(q − α2), and χ is parameterized by ((s), λ ⊗
1Zq−α2 ), where C ≃ O
α1
2n−2(q) × Zq−α2 and λ is one of two extensions of
1SOα1
2n−2(q)
to Oα12n−2(q).
3) χ(1) = (q2n−1)ω(1)/(q−α), and χ is parameterized by ((s), ω⊗1Zq−α), where
C ≃ SO2n−1(q) × Zq−α and ω is one of unipotent characters of SO2n−1(q)
of degrees 1, (qn−1 − 1)(qn−1 − q)/2(q + 1), (qn−1 + 1)(qn−1 + q)/2(q + 1),
(qn−1 + 1)(qn−1 − q)/2(q − 1), or (qn−1 − 1)(qn−1 + q)/2(q − 1).
4) χ(1) = (q2n−2 − 1)(q2n − 1)/2(q − α1)(q − α2), and χ is parameterized by
((s), λ ⊗ 1SO2n−3(q)×Zq−α2 ), where C ≃ O
α1
2 (q) × SO2n−3(q) × Zq−α2 and λ is
one of two extensions of 1SOα1
2
(q) to O
α1
2 (q).
5) χ(1) = (q2n − 1)ω(1)/2(q − α), and χ is parameterized by ((s), ω ⊗ λ), where
C ≃ SO2n−1(q) × O
α
2 (q), ω is one of unipotent characters of SO2n−1(q) of
degrees 1, (qn−1−1)(qn−1− q)/2(q+1), (qn−1+1)(qn−1+ q)/2(q+1), (qn−1+
1)(qn−1 − q)/2(q − 1), or (qn−1 − 1)(qn−1 + q)/2(q − 1), and λ is one of two
extensions of 1SOα
2
(q) to O
α
2 (q).
6) χ(1) = (qn + 1)λ(1)/2, and χ is parameterized by ((s), λ), where C ≃ O+2n(q)
and λ is an extension of one of three unipotent characters of SO+2n(q) of
degrees 1, (qn − 1)(qn−1 + q)/(q2 − 1) or (q2n − q2)/(q2 − 1) to O+2n(q).
7) χ(1) = (qn − 1)λ(1)/2, and χ is parameterized by ((s), λ), where C ≃ O−2n(q)
and λ is an extension of one of three unipotent characters of SO−2n(q) of
degrees 1, (qn + 1)(qn−1 − q)/(q2 − 1) or (q2n − q2)/(q2 − 1) to O−2n(q).
8) χ(1) = (qn−1+α)(q2n−1)ω(1)/2(q2−1), and χ is parameterized by ((s), ω⊗λ),
where C ≃ SO3(q)×O
α
2n−2(q), ω = 1SO3(q) or the unique nontrivial unipotent
character of degree q of SO3(q), and λ is one of two extensions of 1SOα
2n−2(q)
to Oα2n−2(q).
9) χ(1) = (q2n−2 − 1)(q2n − 1)λ(1)/2(q2 − 1)(q2 − α), and χ is parameterized
by ((s), 1SO2n−3(q) ⊗ λ), where C ≃ SO2n−3(q) × O
α
4 (q) and λ is one of two
extensions of 1SOα
4
(q) or the unique unipotent character of degree q
2 of SOα4 (q)
to Oα4 (q) or λ is the unique unipotent character of degree 2q of O
+
4 (q).
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Proof. For short notation, we setD(n) := (qn−1)q4n−10/2. By Lemma 2.2, C ≃ A×B
where A ≃
∏t
i=1GL
αi
ai
(qki), ai, ki ∈ N, αi = ±1,
∑t
i=1 kiai = n − m and B =
SO2k+1(q)×O
±
2m−2k(q), 0 ≤ k ≤ m ≤ n. It is easy to show that |B|p′ ≤
∏m
i=1(q
2i−1)
and |A|p′ ≤
∏n−m
i=1 (q
i − (−1)i). Therefore,
|G|p′
|CG∗(s)|p′
≥
(q2(m+1) − 1) · · · (q2n − 1)
(q + 1)(q2 − 1) · · · (qn−m − (−1)n−m)
:= f(m,n).
1) Casem ≤ n−3. Since the function f(x, n) is first increasing and then decreasing
in the interval [0, n], we have f(m,n) ≥ min{f(0, n), f(n− 3, n)}. It is easy to check
that both f(0, n) and f(n− 3, n) are greater than D(n).
2) Casem = n−2. First we suppose that k = n−2. Then χ(1) = (q
2n−2−1)(q2n−1)
|A|p′
ψ(1),
where A = GLα2 (q), GL
α
1 (q
2) or GLα11 (q) × GL
α2
1 (q), α, α1, α2 := ±1 and ψ is
a unipotent character of C = SO2n−3(q) × A. Suppose that ψ = ω ⊗ λ where
ω, λ are unipotent characters of SO2n−3(q), A, respectively. If ω is nontrivial then
ω(1) ≥ (qn−2 − 1)(qn−2 − q)/2(q + 1) by [TZ1, Proposition 5.1]. Then
χ(1) ≥
(q2n−2 − 1)(q2n − 1)(qn−2 − 1)(qn−2 − q)
2(q + 1)2(q2 − 1)
> D(n).
If ω is trivial then 1) holds since GLα1 (q
2) orGLα11 (q)×GL
α2
1 (q) has only one unipotent
character, which is trivial, while A = GLα2 (q) has two unipotent characters, the trivial
one and the one of degree q.
Next, we consider k = 0 then
χ(1) ≥
(qn−2 − 1)(q2n−2 − 1)(q2n − 1)
2(q + 1)(q2 − 1)
> D(n).
Finally, if 1 ≤ k ≤ n− 3, we have
χ(1) ≥
(q2n−2 − 1)(q2n − 1)
(q + 1)(q2 − 1)
·
∏n−2
i=k+1(q
2i − 1) · (qn−2−k − 1)
2
∏n−2−k
i=1 (q
2i − 1)
>
(q2n−2 − 1)(q2n − 1)
(q + 1)(q2 − 1)
·
1
2
q2k(n−2−k)(qn−2−k − 1)
>
(q2n−2 − 1)(q2n − 1)
(q + 1)(q2 − 1)
·
1
2
q2(n−3) > D(n).
3) Case m = n− 1. Assume k = 0. Then χ(1) = (q
n−1+α1)(q2n−1)
2(q−α2)
ψ(1), where ψ is a
unipotent character of C ≃ Oα12n−2(q)×GL
α2
1 (q) = (SO
α1
2n−2(q) ·2)×GL
α2
1 (q), α1, α2 =
±1. Note that GLα21 (q) ≃ Zq−α2 has only one unipotent character, which is the trivial
one. Suppose that ψ is an irreducible constituent of (ω)SO
α1
2n−2(q)·2 ⊗ 1GLα2
1
(q) where ω
is a unipotent character of SOα12n−2(q). By Proposition 2.1, the unipotent characters
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of SO±2n−2(q) are of the form θ ◦ f , where θ runs over the unipotent characters of
P (CO±2n−2(q)
0) and f is the canonical homomorphism f : SO±2n−2 → P (CO
±
2n−2(q)
0).
In particular, degrees of the unipotent characters of SO±2n−2(q) are the same as those
of P (CO±2n−2(q)
0). Therefore, by Propositions 7.1, 7.2 of [TZ1], if ω is nontrivial then
ω(1) ≥ (qn−1 + 1)(qn−2 − q)/(q2 − 1). Then
χ(1) ≥
(qn−1 + α1)(q
2n − 1)
2(q − α2)
·
(qn−1 + 1)(qn−2 − q)
q2 − 1
> D(n).
Suppose that ω is trivial. Since (1SOα1
2n−2(q)
)O
α1
2n−2(q) is the sum of two different irre-
ducible characters of degree 1, Oα12n−2(q) has two unipotent characters of degree 1.
So, in this case, ψ = λ ⊗ 1GLα2
1
(q) where λ is one of two extensions of 1SOα1
2n−2(q)
to
Oα12n−2(q) and therefore 2) holds.
Assume k = n − 1. Then χ(1) = q
2n−1
q−α
ψ(1), α = ±1, where ψ is a unipotent
character of SO2n−1(q) × GL
α
1 (q). Again, we have ψ = ω ⊗ 1GLα1 (q) where ω is a
unipotent character of SO2n−1(q). By Corollary 3.2, ω is either one of characters of
degrees 1, (qn−1−1)(qn−1−q)/2(q+1), (qn−1+1)(qn−1+q)/2(q+1), (qn−1+1)(qn−1−
q)/2(q − 1), (qn−1 − 1)(qn−1 + q)/2(q − 1) or ω(1) > q4n−12. In the former case, 3)
holds. In the latter case, χ(1) > q
2n−1
q−α
q4n−12 > D(n).
Assume k = 1. Then
χ(1) ≥ (G∗ : C)p′ ≥
(qn−2 − 1)(q2n−2 − 1)(q2n − 1)
2(q + 1)(q2 − 1)
> D(n).
Assume k = n− 2. Then
χ(1) =
(q2n−2 − 1)(q2n − 1)
2(q − α1)(q − α2)
ψ(1),
where ψ is an irreducible unipotent character of C ≃ SO2n−3(q)×O
α1
2 (q)×GL
α2
1 (q),
α1, α2 = ±. Note that both SO
α1
2 (q)) andGL
α2
1 (q) have only one unipotent character,
which is the trivial one. Therefore, ψ = ω ⊗ λ ⊗ 1GLα2
1
(q), where ω is a unipotent
character of SO2n−3(q) and λ is one of two extensions of 1SOα1
2
(q) to O
α1
2 (q). If ω is
trivial then 4) holds. If ω is nontrivial then ω(1) ≥ (qn−2 − 1)(qn−2 − q)/2(q + 1) by
Proposition 5.1 of [TZ1]. Then,
χ(1) ≥
(q2n − 1)(q2n−2 − 1)
2(q + 1)2
·
(qn−2 − 1)(qn−2 − q)
2(q + 1)
> D(n).
Finally, assume 2 ≤ k ≤ n− 3. We have
χ(1) ≥
q2n − 1
q + 1
·
(q2(k+1) − 1) · · · (q2(n−1) − 1)
2(q2 − 1) · · · (q2(n−1−k) − 1)
· (qn−1−k − 1)
≥
q2n − 1
q + 1
·
1
2
q2k(n−1−k) · (qn−1−k − 1) ≥
q2n − 1
q + 1
·
1
2
q4(n−3) · (q2 − 1) > D(n).
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4) Case m = n. Since χ is not unipotent, k < n. We have
χ(1) =
∏n
i=k+1(q
2i − 1) · (qn−k + α)
2
∏n−k
i=1 (q
2i − 1)
ψ(1),
where ψ is a unipotent character of C ≃ SO2k+1(q)× O
α
2(n−k)(q), α = ±. So, χ(1) >
1
2
q2k(n−k)(qn−k − 1).
Assume k = n − 1. Then χ(1) = q
2n−1
2(q−α)
ψ(1). We have ψ = ω ⊗ λ, where ω is a
unipotent characters of SO2n−1(q) and λ is one of two extensions of 1SOα1
2
(q) to O
α1
2 (q).
By Corollary 3.2, ω is either one of characters of degrees 1, (qn−1−1)(qn−1−q)/2(q+1),
(qn−1+1)(qn−1+q)/2(q+1), (qn−1+1)(qn−1−q)/2(q−1), (qn−1−1)(qn−1+q)/2(q−1) or
ω(1) > q4n−12. In the former case, 5) holds. In the latter case, χ(1) > q
2n−1
2(q−α)
q4n−12 >
D(n).
Assume k = 0. Then χ(1) = q
n+α
2
ψ(1), where ψ is a unipotent character of
C ≃ Oα2n(q) = SO
α
2n(q) · 2. Suppose that ψ is an irreducible constituent of ω
C ,
where ψ is a unipotent character of SOα2n(q). We have ω = θ ◦ f where f is the
canonical homomorphism f : SO±2n(q)→ P (CO
±
2n(q)
0) and θ is a unipotent character
of P (CO±2n(q)
0). There are two cases:
Case α = + : By Proposition 3.4, θ is either one of characters of degrees 1, (qn −
1)(qn−1 + q)/(q2 − 1), (q2n − q2)/(q2 − 1), or θ(1) > q4n−10. In the latter case,
χ(1) =
qn + 1
2
ψ(1) ≥
qn + 1
2
ω(1) >
qn + 1
2
q4n−10 > D(n).
In the former case, by [ST], the character afforded by the rank 3 permutation module
of O+2n(q) on the set of all singular 1-spaces of F
2n
q is the sum of three unipotent
characters of degrees 1, (qn − 1)(qn−1 + q)/(q2 − 1), and (q2n − q2)/(q2 − 1). Hence,
6) holds in this case.
Case α = − : By Proposition 3.3, θ is either one of characters of degrees 1, (qn +
1)(qn−1 − q)/(q2 − 1), (q2n − q2)/(q2 − 1), or θ(1) > q4n−10. In the latter case,
χ(1) =
qn − 1
2
ψ(1) ≥
qn − 1
2
ω(1) >
qn − 1
2
q4n−10 = D(n).
In the former case, again by [ST], the character afforded by the rank 3 permutation
module ofO−2n(q) on the set of all singular 1-spaces of F
2n
q is the sum of three unipotent
characters of degrees 1, (qn + 1)(qn−1 − q)/(q2 − 1), and (q2n − q2)/(q2 − 1). Hence,
7) holds in this case.
Assume k = 1. Then χ(1) = (q
2n−1)(qn−1+α)
2(q2−1)
ψ(1), where ψ is a unipotent character of
C ≃ SO3(q)×O
α
2n−2(q). Suppose that ψ is an irreducible constituent of ω⊗ϕ
C where
ω, ϕ are unipotent characters of SO3(q), SO
α
2n−2(q), respectively. Let us consider the
first case where ϕ is nontrivial. Then by Propositions 7.1, 7.2 of [TZ1], we have
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ϕ(1) ≥ (qn−1 + 1)(qn−2 − q)/(q2 − 1). Then
χ(1) ≥
(q2n − 1)(qn−1 − 1)(qn−1 + 1)(qn−2 − q)
2(q2 − 1)2
> D(n).
Now suppose ϕ = 1SOα
2n−2(q)
. Since SO3(q) has two unipotent characters, the trivial
one and the unique nontrivial unipotent character of degree q, 8) holds in this case.
Assume k = 2. Then
χ(1) =
(q2n−2 − 1)(q2n − 1)(qn−2 ± 1)
2(q2 − 1)(q4 − 1)
ψ(1) > D(n).
Assume k = n− 2. Then
χ(1) =
(q2n−2 − 1)(q2n − 1)
2(q2 − 1)(q2 − α)
ψ(1),
where ψ is a unipotent character of C ≃ SO2n−3(q) × O
α
4 (q), α = ±. Suppose that
ψ is an irreducible constituent of ω ⊗ ϕO
α
4 (q), where ω, ϕ are unipotent characters
of SO2n−3(q), SO
α
4 (q), respectively. If ω is nontrivial, by Proposition 5.1 of [TZ1],
ω(1) ≥ (qn−2 − 1)(qn−2 − q)/2(q + 1) and therefore
χ(1) ≥
(q2n−2 − 1)(q2n − 1)(qn−2 − 1)(qn−2 − q)
4(q + 1)(q4 − 1)
> D(n).
Now we assume ω = 1SO2n−3(q). There are two cases:
Case α = + : Let V := M2×2(Fq) be the space of 2×2 matrices over Fq. Then V is
a vector space over Fq of rank 4. The determinant function Q(M) = det(M), M ∈ V
is a quadratic form on V with Witt index 2. So the group of linear transformations
V → V preserving Q will be O+4 (q). Consider an action of group GL2(q) × GL2(q)
on V by τ(A,B)(M) = A−1MB. We see that τ(A,B) preserves Q if and only if
det(A) = det(B), and τ(A,B) is the identity if and only if A = B is a scalar matrix.
Moreover, τ(A,B) has determinant det(A)−2det(B)2, which is 1 when det(A) =
det(B). Therefore, we have a homomorphism
τ : (SL2(q)× SL2(q)) · Z2 → SO
+
4 (q),
where Z2 is generated by
U =
((
−1 0
0 1
)
,
(
−1 0
0 1
))
.
We have Ker(ρ) = Z2, which is generated by (−I,−I). Therefore, ((SL2(q)×SL2(q))·
Z2)/Z2 ≃ 2 · (PSL2(q)×PSL2(q)) · 2 is a subgroup of SO
+
4 (q). Since |2 · (PSL2(q)×
PSL2(q)) · 2| = |SO
+
4 (q)| = q
2(q2 − 1)2, 2 · (PSL2(q) × PSL2(q)) · 2 ≃ SO
+
4 (q).
We denote by L1, L2 the first and second terms respectively in PSL2(q)× PSL2(q).
Note that P (CO+4 (q)
0) as well as SO+4 (q) have four unipotent characters of degrees
1, q, q, q2. Since PSL2(q) has only one character of degree q which is denoted by µ1
for L1 and µ2 for L2 and U fixes L1 and L2, the unipotent characters of SO
+
4 (q
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be extensions of characters 1L1×L2, µ1⊗1L2 , 1L1⊗µ2 and µ1⊗µ2 which are considered
as characters of 2 · (L1 × L2).
Consider the transformation T : V → V defined by T (M) =MT , the transpose of
M . It is clear that T preserves Q and therefore T ∈ O+4 (q). Moreover det(T ) = −1.
So O+4 (q) = SO
+
4 (q)⋊ < T >. We have T
−1τ(A,B)T (M) = BTM(AT )−1 for every
A,B ∈ GL2(q). So T fixes µ1⊗µ2 and maps one of {µ1⊗ 1L2, 1L1 ⊗µ2} to the other.
In other words, the unipotent character of degree q2 of SO+4 (q) has two extensions
to O+4 (q) and the inductions of two unipotent characters of degree q of SO
+
4 (q) to
O+4 (q) are equal and irreducible. So 9) holds in this case.
Case α = − : Note that SO−4 (q) as well as P (CO
−
4 (q)
0) have two unipotent char-
acters of degrees 1, q2. It is well known that SO−4 (q) ≃ PSL2(q
2)× 21 and (O
−
4 (q) =
(PSL2(q
2) × 21) · 22 ≃ 21 × (PSL2(q
2) · 22), where 22 acts trivially on 21. Since
PSL2(q
2) has only one irreducible character of degree q2 which is unipotent, the
unipotent character of degree q2 of SO−4 (q) is invariant in O
−
4 (q). Therefore, O
−
4 (q)
has two unipotent characters of degree q2. So 9) also holds in this case.
Lastly, we assume 3 ≤ k ≤ n− 3. Then
χ(1) ≥
∏n
i=k+1(q
2i − 1) · (qn−k ± 1)
2
∏n−k
i=1 (q
2i − 1)
>
>
1
2
q2k(n−k)(qn−k ± 1) ≥
1
2
q6(n−3)(q3 − 1) > D(n).

Counting semi-simple conjugacy classes in G∗ = SO2n+1(q): In Proposition 4.1
and its proof, we have not shown how to count the number of semi-simple conjugacy
classes (s) in SO2n+1(q) for a certain C := CG∗(s), which will imply the number of
irreducible characters of Sp2n(q) at each degree. Actually, the way to count them
is pretty similar in all the cases from 1) to 9) in Proposition 4.1. First, from the
structure of CG∗(s), we know the form of the characteristic polynomial as well as the
eigenvalues of s. In general, we have
Spec(s) = {1, ..., 1︸ ︷︷ ︸
2k+1
,−1, ...,−1︸ ︷︷ ︸
2(m−k)
, ...︸︷︷︸
2(n−m)
}.
By [W1, (2.6)], if −1 /∈ Spec(s), there is exactly one O2n+1(q)-conjugacy class of semi-
simple elements (s) for a given Spec(s). This class is also an SO2n+1(q)-conjugacy
class since (O2n+1(q) : CO2n+1(q)(s)) = (SO2n+1(q) : CSO2n+1(q)(s)) (see Lemma 2.2).
The situation is a little bit different when −1 ∈ Spec(s). In that case, again by [W1,
(2.6)], there are exactly two O2n+1(q)-conjugacy class of semi-simple elements (s)
for a given Spec(s), in which CO2n+1(q)(s) ≃ O2k+1(q)× O
±
2(m−k)(q)×
∏t
i=1GL
αi
ai
(qki)
(+ for one class and − for the other). These classes are also SO2n+1(q)-conjugacy
class by the same reason as before. So, in order to count the number of semi-simple
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conjugacy classes (s) with a given centralizer C, we need to count the number of
choices of Spec(s). This is demonstrated in Tables 2, 3.
We finish this section by two following Corollaries of Theorem 1.1.
Corollary 4.2. Let χ be an irreducible complex character of G = Sp2n(q), where n ≥
6 and q is an odd prime power. Then χ(1) = 1 (1 character), (qn±1)/2 (4 characters),
(qn + α1)(q
n + α2q)/2(q + α1α2) (4 characters) (α1,2 = ±1), (q
2n − 1)/2(q ± 1) (4
characters), (q2n−1)/(q±1) (q−2 characters), or χ(1) ≥ (q2n−1)(qn−1−q)/2(q2−1).
Corollary 4.3. Let χ be an irreducible complex character of G = Sp2n(q), where n ≥
6 and q is an odd prime power. Then χ(1) = 1 (1 character), (qn±1)/2 (4 characters),
(qn + α1)(q
n + α2q)/2(q + α1α2) (4 characters) (α1,2 = ±1), (q
2n − 1)/2(q ± 1) (4
characters), (q2n − 1)/(q ± 1) (q − 2 characters), (q2n − 1)(qn−1 ± q)/2(q2 − 1) (4
characters), (q2n− 1)(qn−1± 1)/2(q2− 1) (4 characters), (q2n− 1)(qn−1± 1)/2(q± 1)
(4q − 8 characters), (q2n − q2)(qn ± 1)/2(q2 − 1) (4 characters), q(q2n − 1)(qn−1 ±
1)/2(q2 − 1) (4 characters), or χ(1) ≥ (q2n − 1)(qn−1 − 1)(qn−1 − q2)/2(q4 − 1).
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Table 1. Low-dimensional unipotent characters of Sp2n(q), n ≥ 6, q
odd. See §3.1 for the explanation of notation.
Characters Symbols Degrees
1G
(
n
−
)
1
χ2
(
0 1 n
−
)
(qn − 1)(qn − q)
2(q + 1)
χ3
(
0 1
n
)
(qn + 1)(qn + q)
2(q + 1)
χ4
(
1 n
0
)
(qn + 1)(qn − q)
2(q − 1)
χ5
(
0 n
1
)
(qn − 1)(qn + q)
2(q − 1)
χ6
(
0 2 n− 1
−
)
(q2n − 1)(qn−1 − 1)(qn−1 − q2)
2(q4 − 1)
χ7
(
0 2
n− 1
)
(q2n − 1)(qn−1 + 1)(qn−1 + q2)
2(q4 − 1)
χ8
(
2 n− 1
0
)
(q2n − 1)(qn−1 + 1)(qn−1 − q2)
2(q2 − 1)2
χ9
(
0 n− 1
2
)
(q2n − 1)(qn−1 − 1)(qn−1 + q2)
2(q2 − 1)2
χ10
(
1 n− 1
1
)
q(q2n − 1)(q2n−2 − q2)
(q2 − 1)2
χ11
(
0 1 2 n
1
)
(q2n − q2)(qn − 1)(qn − q2)
2(q4 − 1)
χ12
(
0 1 2
1 n
)
(q2n − q2)(qn + 1)(qn + q2)
2(q4 − 1)
χ13
(
1 2 n
0 1
)
(q2n − q2)(qn + 1)(qn − q2)
2(q2 − 1)2
χ14
(
0 1 n
1 2
)
(q2n − q2)(qn − 1)(qn + q2)
2(q2 − 1)2
L
O
W
-D
I
M
E
N
S
I
O
N
A
L
C
O
M
P
L
E
X
C
H
A
R
A
C
T
E
R
S
O
F
F
I
N
I
T
E
C
L
A
S
S
I
C
A
L
G
R
O
U
P
S
3
3
Table 2. Low-dimensional irreducible characters of Sp2n(q), n ≥ 6, q odd. See §2.1 and Proposi-
tion 4.1 for the explanation of notation.
Spec(s) CG⋆(s) ψ(1) χ(1) ♯ of characters
{1, ..., 1, γk, γ−k, γk, γ−k}
k ∈ T1
SO2n−3(q)×GL2(q)
1
(q2n−2 − 1)(q2n − 1)
(q − 1)(q2 − 1)
(q − 3)/2
q
q(q2n−2 − 1)(q2n − 1)
(q − 1)(q2 − 1)
(q − 3)/2
{1, ..., 1, ηk, η−k, ηk, η−k}
k ∈ T2
SO2n−3(q)×GU2(q)
1
(q2n−2 − 1)(q2n − 1)
(q + 1)(q2 − 1)
(q − 1)/2
q
q(q2n−2 − 1)(q2n − 1)
(q + 1)(q2 − 1)
(q − 1)/2
{1, ..., 1, θj, θqj, θ−j , θ−qj}
j ∈ R2
SO2n−3(q)×GL1(q
2) 1
(q2n−2 − 1)(q2n − 1)
q2 − 1
(q − 1)2/4
{1, ..., 1, ζj, ζqj, ζ−j, ζ−qj}
j ∈ R1
SO2n−3(q)×GU1(q
2) 1
(q2n−2 − 1)(q2n − 1)
q2 + 1
(q2 − 1)/4
{1, ..., 1, γk, γ−k, γl, γ−l}
k, l ∈ T1, k 6= l
SO2n−3(q)×GL1(q)×GL1(q) 1
(q2n−2 − 1)(q2n − 1)
(q − 1)2
(q − 3)(q − 5)/8
{1, ..., 1, ηk, η−k, ηl, η−l}
k, l ∈ T2, k 6= l
SO2n−3(q)×GU1(q)×GU1(q) 1
(q2n−2 − 1)(q2n − 1)
(q + 1)2
(q − 1)(q − 3)/8
{1, ..., 1, γk, γ−k, ηl, η−l}
k ∈ T1, l ∈ T2
SO2n−3(q)×GL1(q)×GU1(q) 1
(q2n−2 − 1)(q2n − 1)
q2 − 1
(q − 1)(q − 3)/4
{1,−1, ...,−1, γk, γ−k}, k ∈ T1 O
α
2n−2(q)×GL1(q) 1
(q2n − 1)(qn−1 + α)
2(q − 1)
2(q − 3)
{1,−1, ...,−1, ηk, η−k}, k ∈ T2 O
α
2n−2(q)×GU1(q) 1
(q2n − 1)(qn−1 + α)
2(q + 1)
2(q − 1)
{1, ..., 1, γk, γ−k}, k ∈ T1 SO2n−1(q)×GL1(q) (⋆)
q2n − 1
q − 1
ψ(1) (q − 3)/2
{1, ..., 1, ηk, η−k}, k ∈ T2 SO2n−1(q)×GU1(q) (⋆)
q2n − 1
q + 1
ψ(1) (q − 1)/2
3
4
H
U
N
G
N
G
O
C
N
G
U
Y
E
N
Table 3. Low-dimensional irreducible characters of Sp2n(q), n ≥ 6, q odd. See §2.1 and Proposi-
tion 4.1 for the explanation of notation.
Spec(s) CG⋆(s) ψ(1) χ(1) ♯ of chars
{1, ..., 1,−1,−1, γk, γ−k}
k ∈ T1
SO2n−3(q)×O
α
2 (q)
×GL1(q)
1
(q2n−2 − 1)(q2n − 1)
2(q − α)(q − 1)
2(q − 3)
{1, ..., 1,−1,−1, ηk, η−k}
k ∈ T2
SO2n−3(q)×O
α
2 (q)
×GU1(q)
1
(q2n−2 − 1)(q2n − 1)
2(q − α)(q + 1)
2(q − 1)
{1, ..., 1,−1,−1} SO2n−1(q)× O
α
2 (q) (⋆)
q2n − 1
2(q − α)
ψ(1) 4
{1,−1, ...,−1} Oα2n(q)
1 (qn + α)/2 4
(qn − α)(qn−1 + αq)
q2 − 1
(q2n − 1)(qn−1 + αq)
2(q2 − 1)
4
q2n − q2
q2 − 1
(q2n − q2)(qn + α)
2(q2 − 1)
4
{1, 1, 1,−1, ...,−1} SO3(q)× O
α
2n−2(q)
1
(q2n − 1)(qn−1 + α)
2(q2 − 1)
4
q
q(q2n − 1)(qn−1 + α)
2(q2 − 1)
4
{1, ..., 1,−1,−1,−1,−1} SO2n−3(q)× O
α
4 (q)
1
(q2n−2 − 1)(q2n − 1)
2(q2 − 1)(q2 − α)
4
q2
q2(q2n−2 − 1)(q2n − 1)
2(q2 − 1)(q2 − α)
4
{1, ..., 1,−1,−1,−1,−1} SO2n−3(q)× O
+
4 (q) 2q
q(q2n−2 − 1)(q2n − 1)
(q2 − 1)2
1
Where (⋆) is 1, (qn−1 − 1)(qn−1 − q)/2(q + 1), (qn−1 + 1)(qn−1 + q)/2(q + 1), (qn−1 + 1)(qn−1 − q)/2(q − 1),
or (qn−1 − 1)(qn−1 + q)/2(q − 1).
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5. Odd characteristic orthogonal groups in odd dimension
The aim of this section is to classify low-dimensional complex representations of
groups G = Spin2n+1(q) where q is a power of an odd prime p. The dual group G
∗
is the projective conformal symplectic group PCSp2n(q), which is the quotient of
G˜ = CSp2n(q) by its center Z(G˜) ≃ Zq−1.
Proof of Theorem 1.2. If χ is unipotent, Theorem is done by Corollary 3.2.
So we can assume χ is not unipotent such that χ(1) ≤ q4n−8. Suppose that χ
is parameterized by ((s∗), ψ), where s∗ is a non-trivial semi-simple element in G∗.
Consider an inverse image s of s∗ in G˜. Then (s) is a non-trivial conjugacy class of
semi-simple elements in G˜. Set C∗ = CG∗(s
∗) and C = C eG(s). Let g be any element
in G˜ such that the image of g in G∗ belongs to C∗. Then gsg−1 = µ(g)s for some
µ(g) ∈ Zq−1. Therefore, τ(s) = τ(gsg
−1) = τ(µ(g)s) = µ(g)2τ(s). It follows that
µ(g) is 1 or −1. Hence
(G∗ : C∗)p′ ≥ (G˜ : C)p′/2.
Case 1: If τ(s) is not a square in Fq, by Lemma 2.4, C ≃ (Spm(q
2)×
∏t
i=1GL
αi
ai
(qki))·
Zq−1, where αi = ±, Σ
t
i=1kiai = n−m. Therefore,
(G˜ : C)p′ ≥
(q2 − 1) · · · (q2n − 1)
(q4 − 1) · · · (q2m − 1)(q + 1)(q2 − 1) · · · (qn−m − (−1)n−m)
≥

min{
(q2 − 1) · · · (q2n − 1)
(q4 − 1) · · · (q2n − 1)
,
(q2 − 1) · · · (q2n − 1)
(q + 1)(q2 − 1) · · · (qn − (−1)n)
} if 2 | n
min{
(q2 − 1) · · · (q2n − 1)
(q4 − 1) · · · (q2n−2 − 1)(q + 1)
,
(q2 − 1) · · · (q2n − 1)
(q + 1)(q2 − 1) · · · (qn − (−1)n)
} if 2 ∤ n
=
{
min{(q2 − 1)(q6 − 1) · · · (q2n−2 − 1), (q − 1) · · · (qn + (−1)n)} if 2 | n
min{(q2 − 1)(q6 − 1) · · · (q2n − 1)/(q + 1), (q − 1) · · · (qn + (−1)n)} if 2 ∤ n,
which is greater than 2q4n−8. Therefore,
χ(1) ≥ (G∗ : C∗)p′ ≥ (G˜ : C)p′/2 > q
4n−8.
Case 2: If τ(s) is a square in Fq, multiplying s with a suitable scalar, we can
assume that τ(s) = 1 or in other words s ∈ Sp2n(q). By Lemma 2.4, C ≃ (Sp2k(q)×
Sp2(m−k)(q)×
∏t
i=1GL
αi
ai
(qki))·Zq−1, where αi = ±, Σ
t
i=1kiai = n−m. It is easy to see
that |Sp2k(q)× Sp2(m−k)(q)|p′ ≤
∏m
i=1(q
2i − 1) and |
∏t
i=1GL
αi
ai
(qki)|p′ ≤
∏n−m
i=1 (q
i −
(−1)i). Therefore,
(G˜ : C)p′ ≥
(q2(m+1) − 1) · · · (q2n − 1)
(q + 1)(q2 − 1) · · · (qn−m − (−1)n−m)
=: f(m,n).
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1) Case m ≤ n − 2. We have (G˜ : C)p′ ≥ min{f(0, n), f(n − 2, n)}. Since both
f(0, n) =
∏n
i=1(q
i + (−1)i) and f(n− 2, n) = (q2n−2− 1)(q2n − 1)/(q+ 1)(q2− 1) are
greater than 2q4n−8, χ(1) ≥ (G˜ : C)p′/2 > q
4n−8.
2) Case m = n − 1. If 1 ≤ k ≤ n − 2 then (G˜ : C)p′ ≥ (q
2n−2 − 1)(q2n − 1)/(q +
1)(q2 − 1). Again, χ(1) ≥ (G˜ : C)p′/2 > q
4n−8. So k = 0 or n− 1. Modulo Z(G˜), we
can assume that k = n− 1. There are two cases:
• C = (Sp2n−2(q)×GL1(q)) ·Zq−1, which is happened when Spec(s) = {1, ..., 1,
λ, λ−1}, where ±1 6= λ ∈ F×q . Note that there are (q − 3)/2 choices for
λ, namely, λ = γk, k ∈ T1. For each such λ, there is exactly one semi-
simple conjugacy class of such elements s in Sp2n(q) by [W1, (2.6)]. This
conjugacy class is also the conjugacy class of s in CSp2n(q). Therefore, there
is exactly one conjugacy class of semi-simple elements (s∗) in G∗ such that
Spec(s) = {1, ..., 1, λ, λ−1} for each λ = γk, k ∈ T1.
• C = (Sp2n−2(q)×GU1(q)) ·Zq−1, which is happened when Spec(s) = {1, ..., 1,
λ, λ−1}, where ±1 6= λ ∈ F×q2 and λ
−1 = λq. Note that there are (q − 1)/2
choices for λ, namely, λ = ηk, k ∈ T2. Similarly as above, there is exactly
one conjugacy class of semi-simple elements (s∗) in G∗ such that Spec(s) =
{1, ..., 1, λ, λ−1} for each λ = ηk, k ∈ T2.
In two above situations, if {1, ..., 1, λ, λ−1} = {µ, ..., µ, µλ, µλ−1} for some µ ∈ F×q ,
then µ = 1 since n ≥ 5. Therefore, C is the complete inverse image of C∗ in G˜. In
other words, C∗ = C/Z(G˜) and hence (G∗ : C∗)p′ = (G˜ : C)p′. Consider the canonical
homomorphism f : Sp2n−2(q)×GL
α
1 (q) →֒ C → C
∗, α = ±, whose kernel is contained
in the center of Sp2n−2(q) × GL
α
1 (q) and image contains the commutator group of
C∗ since Sp2n−2(q) × GL
α
1 (q) contains the commutator group of C ≃ (Sp2n−2(q) ×
GLα1 (q)) · Zq−1. By Proposition 2.1, the unipotent characters of Sp2n−2(q)×GL
α
1 (q)
are of the form ψ◦f , where ψ runs over the unipotent characters of C∗. In particular,
ψ is trivial or ψ(1) ≥ (qn−1− 1)(qn−1− q)/2(q + 1) by [TZ1, Proposition 5.1]. In the
latter case,
χ(1) ≥
q2n − 1
q + 1
·
(qn−1 − 1)(qn−1 − q)
2(q + 1)
> q4n−8.
Therefore, in this case, χ is one of (q− 3)/2 characters of degree (q2n − 1)/(q− 1) or
(q − 1)/2 characters of degree (q2n − 1)/(q + 1).
3) Case m = n. Since (s∗) is non-trivial, we assume 1 ≤ k ≤ n− 1.
First, if k = 1 or n−1, modulo Z(G˜), we may assume Spec(s) = {−1,−1, 1, ..., 1}.
Again, C∗ = C/Z(G˜) and (G∗ : C∗)p′ = (G˜ : C)p′. There is a unique possibility
for (s∗) in this case. We have χ(1) = q
2n−1
q2−1
ψ(1) where ψ is a unipotent character of
C∗. Applying Proposition 2.1 again for the canonical homomorphism f : Sp2(q) ×
Sp2n−2(q) →֒ C → C
∗, we see that either ψ is trivial, or the unipotent character of
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degree q, or ψ(1) ≥ (qn−1 − 1)(qn−1 − q)/2(q + 1). In the last case,
χ(1) ≥
q2n − 1
q2 − 1
·
(qn−1 − 1)(qn−1 − q)
2(q + 1)
> q4n−8.
The first two cases explain why G has two characters of degrees (q2n − 1)/(q2 − 1)
and q(q2n − 1)/(q2 − 1).
Next, if k = 2 or n − 2, since n ≥ 5, again one can show that C∗ = C/Z(G˜) and
hence
χ(1) ≥ (G˜ : C)p′ ≥
(q2n−2 − 1)(q2n − 1)
(q2 − 1)(q4 − 1)
> q4n−8.
Finally, if 3 ≤ k ≤ n− 3, in particular n ≥ 6, then
χ(1) ≥ (G˜ : C)p′/2 ≥
(q2n−4)(q2n−2 − 1)(q2n − 1)
2(q2 − 1)(q4 − 1)(q6 − 1)
> q4n−8.
✷
6. Even characteristic orthogonal groups in even dimension
In this section we classify low-dimensional complex characters of the group G =
Spinα2n(q) = Ω
α
2n(q), where α = ± and q is a power of 2. Since q is even, we can
identify G with its dual group. Note that, Ωα2n(q) = [O
α
2n(q), O
α
2n(q)] and O
α
2n(q) =
Ωα2n(q) · Z2.
Proof of Theorem 1.3. If χ is unipotent then we are done by Propositions 3.3,
3.4. Now we assume χ is not unipotent. Suppose that χ is parameterized by ((s), ψ),
where s is a non-trivial semi-simple element in G and ψ is a unipotent character of
C := CG(s) such that χ(1) ≤ q
4n−10. Set C ′ = COα
2n(q)
(s). Since C is a subgroup of
C ′ of index 1 or 2, (G : C)2′ = (O
α
2n(q) : C
′)2′ .
By Lemma 2.3, C ′ ≃ O±2m(q)×
∏t
i=1GL
αi
ai
(qki), where αi = ±, Σ
t
i=1kiai = n −m.
Since (s) is non-trivial, m < n. It is easy to see that |
∏t
i=1GL
αi
ai
(qki)|2′ ≤
∏n−m
i=1 (q
i−
(−1)i). Therefore, with convention that q0 − 1 = 1, we have
(G : C)2′ ≥
(q2(m+1) − 1) · · · (q2n − 1)(qm − 1)
(q + 1)(q2 − 1) · · · (qn−m − (−1)n−m)(qn + 1)
=: f(m,n).
1) When 1 ≤ m ≤ n− 2. We have
f(1, n) = (q − 1)(qn − 1)
n−1∏
i=1
(qi + (−1)i) > q4n−10
and
f(n− 2, n) =
(q2n−2 − 1)(qn − 1)(qn−2 − 1)
(q + 1)(q2 − 1)
> q4n−10.
Therefore, χ(1) ≥ min{f(1, n), f(n− 2, n)} > q4n−10.
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2) When m = n− 1. Then C ≃ O±2n−2(q)×GL
β
1 (q) with β = ±. Since GL
β
1 (q) ≃
Ωβ2 (q), C
′ ≃ Oαβ2n−2(q) × GL
β
1 (q). It is obvious that C = Ω
αβ
2n−2(q) × GL
β
1 (q). There
are two cases:
• C ′ = Oα2n−2(q)×GL1(q) corresponding to the case Spec(s) = {1, ..., 1, λ, λ
−1},
where 1 6= λ ∈ F×q . Note that there are (q − 2)/2 choices for λ, namely, λ =
γk, k ∈ T1. For each such λ, there is exactly one semi-simple conjugacy class
of such elements s in Oα2n(q) by [W1, (3.7)]. Since (G : C) = (O
α
2n(q) : C
′),
Oα2n(q)-conjugacy class of s is also a G-conjugacy of s. Therefore, there is
also exactly one conjugacy class of semi-simple elements (s) in G such that
Spec(s) = {1, ..., 1, λ, λ−1} for each λ = γk, k ∈ T1.
• C ′ = O−α2n−2(q)×GU1(q) corresponding to the case Spec(s) = {1, ..., 1, λ, λ
−1},
where 1 6= λ ∈ F×q2 and λ
−1 = λq. Similarly as above, there is exactly
one conjugacy class of semi-simple elements s in G such that Spec(s) =
{1, ..., 1, λ, λ−1} for each λ = ηk, k ∈ T2.
We have χ(1) = (q
n−α)(qn−1+αβ)
q−β
ψ(1), where ψ is a unipotent character of C. If ψ is
non-trivial and (n, q, α) 6= (5, 2,−) then by Propositions 7.1 and 7.2 of [TZ1],
ψ(1) ≥
(qn−1 − αβ)(qn−2 + αβq)
q2 − 1
.
In that case,
χ(1) ≥
(qn − α)(qn−1 + αβ)
q − β
·
(qn−1 − αβ)(qn−2 + αβq)
q2 − 1
> q4n−10.
If ψ is non-trivial and (n, q, α) = (5, 2,−), then ψ(1) ≥ q3(q − 1)3(q3 − 1)/2 = 28
and we still have χ(1) > q4n−10. So ψ must be trivial. In summary, in this case, χ is
one of (q − 2)/2 characters of degree (qn − α)(qn−1 + α)/(q − 1) or q/2 characters of
degree (qn − α)(qn−1 − α)/(q + 1).
3) Whenm = 0. If n ≥ 6, we still have f(0, n) =
∏n
i=1(q
i+(−1)i)/(qn+1) > q4n−10.
Now we consider the case n = 5. Since χ(1) ≤ q4n−10, C ′ = GU5(q). This forces G =
Ω−10(q). Then (G : C)2′ = (q−1)(q
2+1)(q3−1)(q4+1) and therefore ψ(1) = 1. There
are exactly q/2 conjugacy classes (s) in O−10(q) of semi-simple elements such that C
′ ≃
GU5(q), which is happened when Spec(s) = {λ, λ, λ, λ, λ, λ
−1, λ−1, λ−1, λ−1, λ−1},
λ = ηk, k ∈ T2. Note that GU5(q) ≤ Ω
−
10(q), so C = GU5(q) and (O
−
10(q) : C
′) =
2(Ω−10(q) : C). In other words, |s
O−
10
(q)| = 2|sΩ
−
10
(q)|. Therefore there are exactly q
conjugacy classes (s) in Ω−10(q) such that C = GU5(q). This gives q characters of
degree (q − 1)(q2 + 1)(q3 − 1)(q4 + 1) of Ω−10(q). ✷
7. Odd characteristic orthogonal groups in even dimension
In this section, we classify low-dimensional complex representations of the group
G = Spinα2n(q) where α = ± and q is an odd prime power. The dual group G
∗ is the
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projective conformal orthogonal group P (COα2n(q)
0), which is quotient of COα2n(q)
0
by its center Z(COα2n(q)
0) ≃ Zq−1.
Proof of Theorem 1.4. If χ is unipotent then we are done by Propositions
3.3, 3.4. So we can assume that χ is not unipotent. We denote G˜ := COα2n(q),
G˜0 := COα2n(q)
0, and Z := Z(G˜) ≃ Z(G˜0) ≃ Zq−1. Suppose that s
∗ is a non-trivial
semi-simple element in G∗. Consider an inverse image s of s∗ in G˜0. Then (s) is a non-
trivial conjugacy class of semi-simple elements in G˜. Set C∗ := CG∗(s
∗), C˜ := C eG(s),
and C˜0 := C eG0(s). Suppose that χ is parameterized by ((s
∗), ψ), ψ ∈ Irr(C∗), such
that χ(1) ≤ q4n−10. Let g be any element in G˜0 such that the image of g in G∗ belongs
to C∗. Then gsg−1 = µ(g)s for some µ(g) ∈ Zq−1. Therefore, τ(s) = τ(gsg
−1) =
τ(µ(g)s) = µ(g)2τ(s). It follows that µ(g) is 1 or −1. Hence,
(G∗ : C∗)p′ ≥ (G˜
0 : C˜0)p′/2 ≥ (G˜ : C˜)p′/4.
Case 1: If τ(s) is not a square in Fq, multiplying s by a suitable scalar in Fq, we
can assume that τ(s) is fixed. By Lemma 2.5, C˜ ≃ (O±m(q
2)×
∏t
i=1GL
αi
ai
(qki)) ·Zq−1,
where αi = ±, Σ
t
i=1kiai = n −m. Denote the group
∏t
i=1GL
αi
ai
(qki) by A for short.
Now we will show that, when n ≥ 6, (G˜ : C˜)p′ > 4q
4n−10, and therefore χ(1) ≥ (G∗ :
C∗)p′ ≥ (G˜ : C˜)p′/4 > q
4n−10. It is easy to see that |A|p′ ≤
∏n−m
i=1 (q
i− (−1)i). Hence,
(G˜ : C˜)p′ ≥
2(q2 − 1) · · · (q2n − 1)
(qn + 1)(q + 1)(q2 − 1) · · · (qn−m − (−1)n−m)|O±m(q
2|
=: f(m,n).
We have f(0, n) = 2
∏n
i=1(q
i + (−1)i)/(qn + 1) > 4q4n−10 and f(n, n) > 4q4n−10 for
every n ≥ 6. Therefore, χ(1) ≥ (G˜ : C˜)p′/4 ≥ min{f(0, n), f(n, n)}/4 > q
4n−10 when
n ≥ 6.
Now let us consider the case (n, α) = (5,+). Note that GU5(q) is not a subgroup
of O+10(q). Therefore, if A 6= GL5(q), one can show that (G˜ : C˜)p′ > 4q
10 and hence
χ(1) > q10. If A = GL5(q), then the characteristic polynomial of s has the form
P (x) = (x − λ)5(x − τλ−1)5 with λ ∈ F∗q and τ := τ(s). Now we will show that
(G∗ : C∗)p′ = (G˜
0 : C˜0)p′ and therefore χ(1) ≥ (G˜ : C˜)p′/2 = (q + 1)(q
2 + 1)(q3 +
1)(q4 + 1) > q10. Suppose that s1, s2 ∈ G˜
0 are G˜0-conjugate and their images in G∗
are the same. Then s1 = ±s2. Let V1 := Ker(s− λ) and V2 := Ker(s− τλ
−1). Note
that V1 and V2 are totally isotropic subspaces in V and V1 ∩V2 = {0}. By definition,
an element in G˜0 cannot carry V1 to V2. This implies that s1 = s2. In other words,
|s∗G
∗
| = |s
eG0| and hence (G∗ : C∗)p′ = (G˜
0 : C˜0)p′ as desired.
The next case is (n, α) = (5,−). Note that GL5(q) is not a subgroup of O
−
10(q).
Therefore, if A 6= GU5(q), one again can show that χ(1) > q
10. If A = GU5(q),
then the characteristic polynomial of s has the form P (x) = [(x − λ)(x − τλ−1)]5,
where (x − λ)(x − τλ−1) is an irreducible polynomial over Fq. Note that there are
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(q + 1)/2 choices for such a pair (λ, τλ−1). So there are exactly (q + 1)/2 conjugacy
classes (s) in G˜ such that C˜ ≃ GU5(q). That means there are exactly (q + 1) such
conjugacy classes (s) in G˜0 since C˜0 = C˜ in this case. Now modulo Z, we have
exactly (q + 1)/2 conjugacy classes (s∗) in G∗. Arguing similarly as above, one has
(G∗ : C∗)p′ = (G˜
0 : C˜0)p′ = (q − 1)(q
2 + 1)(q3 − 1)(q4 + 1) and therefore C∗ = C˜0/Z.
The condition χ(1) = (G∗ : C∗)p′ψ(1) ≤ q
10 implies that ψ(1) = 1. Since C∗ has a
unique unipotent character of degree 1, we get exactly (q+1)/2 characters of degree
(q − 1)(q2 + 1)(q3 − 1)(q4 + 1) in this case.
Case 2: If τ(s) is a square in Fq, again, we can assume that τ(s) = 1. By Lemma
2.5, C˜ ≃ (O±2k(q)×O
±
2m−2k(q)×
∏t
i=1GL
αi
ai
(qki))·Zq−1, where αi = ±, Σ
t
i=1kiai = n−m.
It is easy to see that |O±2k(q)×O
±
2m−2k(q)|p′ ≤ 2
∏m
i=1(q
2i−1)/(qm−1) if m ≥ 1 and
|
∏t
i=1GL
αi
ai
(qki|p′ ≤
∏n−m
i=1 (q
i − (−1)i). Therefore, with convention that q0 − 1 = 2,
we have
(G˜ : C˜)p′ ≥
(q2(m+1) − 1) · · · (q2n − 1)(qm − 1)
(qn + 1)(q + 1)(q2 − 1) · · · (qn−m − (−1)n−m)
=: g(m,n).
1) When 1 ≤ m ≤ n−2, (G˜ : C)p′ ≥ min{g(1, n), g(n−2, n)}. Direct computation
shows that g(1, n) = (qn − 1)
∏n−1
i=1 (q
i + (−1)i)/(q + 1) > 4q4n−10) and g(n− 2, n) =
(q2n−2 − 1)(qn − 1)(qn−2 − 1)/(q + 1)(q2 − 1) > 4q4n−10. Therefore, χ(1) > q4n−10.
2) When m = 0, then g(0, n) = 2
∏n
i=1(q
i+(−1)i)/(qn+1). We still have g(0, n) >
4q4n−10 if n ≥ 6. The case (n, α) = (5,+) can be argued similarly as when τ(s)
is not a square in Fq. So we only need to consider the case (n, α) = (5,−). Note
that GL5(q) is not a subgroup of O
−
10(q). Therefore, if A 6= GU5(q), one again can
show that χ(1) > q10. So we can assume A = GU5(q). Then the characteristic
polynomial of s has the form P (x) = [(x− λ)(x − λ−1)]5, where (x− λ)(x− λ−1) is
an irreducible polynomial over Fq. Note that there are exactly (q − 1)/2 such a pair
(λ, λ−1). Repeating arguments as when τ(s) is not a square in Fq, we get exactly
(q − 1)/2 characters of degree (q − 1)(q2 + 1)(q3 − 1)(q4 + 1) in this case.
3) When m = n− 1. If 1 ≤ k ≤ n− 2 then (G˜ : C˜)p′ ≥ (q
2n−2 − 1)(qn − 1)(qn−2 −
1)/2(q + 1)2 > 4q4n−10. Hence, χ(1) ≥ (G∗ : C∗)p′ > q
4n−10. So k = 0 or n− 1. With
no loss, we can assume k = n− 1. Note that Spec(s) = {1, ..., 1, λ, λ−1} in this case.
If {1, ..., 1, λ, λ−1} = {µ, ..., µ, µλ, µλ−1} for some µ ∈ F×q , then µ = 1 since n ≥ 5.
Therefore, C˜0 is the complete inverse image of C∗ in G˜0. In other words, C∗ = C˜0/Z
and hence (G∗ : C∗)p′ = (G˜
0 : C˜0)p′ = (G˜ : C˜)p′. Also, since GL
β
1 (q) ≃ Ω
β
2 (q),
C˜ ≃ (Oαβ2n−2(q)×GL
β
1 (q))·Zq−1. One can show that C˜
0 ≃ (SOαβ2n−2(q)×GL
β
1 (q))·Zq−1.
There are two cases:
• C˜ = (Oα2n−2(q)×GL1(q)) ·Zq−1 corresponding to the case Spec(s) = {1, ..., 1,
λ, λ−1}, where ±1 6= λ ∈ F×q . Note that there are (q − 3)/2 choices for λ,
namely, λ = γk, k ∈ T1. For each such λ, there is exactly one semi-simple
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conjugacy class of such elements s in Oα2n(q) by [W1, (2.6)]. This conjugacy
class is also the conjugacy class of s in G˜0. Therefore, there is exactly one con-
jugacy class of semi-simple elements (s∗) in G∗ such that Spec(s) = {1, ..., 1,
λ, λ−1} for each λ = γk, k ∈ T1.
• C˜ = (O−α2n−2(q)×GU1(q)) ·Zq−1 corresponding to the case Spec(s) = {1, ..., 1,
λ, λ−1}, where ±1 6= λ ∈ F×q2 and λ
−1 = λq. Note that there are (q − 1)/2
choices for λ, namely, λ = ηk, k ∈ T2. Similarly as above, there is exactly
one conjugacy class of semi-simple elements (s∗) in G∗ such that Spec(s) =
{1, ..., 1, λ, λ−1} for each λ = ηk, k ∈ T2.
Using Proposition 2.1 for the canonical homomorphism f : SOαβ2n−2(q) × GL
β
1 (q) →֒
C˜0 → C∗, β = ±, we see that the unipotent characters of SOαβ2n−2(q)×GL
β
1 (q) are of
the form ψ ◦ f , where ψ runs over the unipotent characters of C∗. In particular, by
Propositions 7.1, 7.2 of [TZ1], ψ is trivial or ψ(1) ≥ (qn−1−αβ)(qn−2+αβq)/(q2−1).
In the latter case,
χ(1) ≥
(qn − α)(qn−1 + αβ)
q − β
·
(qn−1 − αβ)(qn−2 + αβq)
q2 − 1
> q4n−10.
Therefore, in this case, χ is one of (q−3)/2 representations of degree (qn−α)(qn−1+
α)/(q − 1) or (q − 1)/2 representations of degree (qn − α)(qn−1 − α)/(q + 1).
4) When m = n. Since (s∗) is non-trivial, we assume 1 ≤ k ≤ n− 1.
If k = 1 or n − 1, modulo Z, we may assume Spec(s) = {−1,−1, 1, ..., 1}. Then
C˜ = (Oβ2 (q) × O
αβ
2n−2(q)) · Zq−1 and C˜
0 ≃ (SOβ2 (q) × SO
αβ
2n−2(q)) · 2 · Zq−1. Again,
C∗ = C˜0/Z and (G∗ : C∗)p′ = (G˜ : C˜)p′. There is a unique possibility for (s
∗) for
each β = ±. We have χ(1) = (q
n−α)(qn−1+αβ)
2(q−β)
ψ(1) where ψ is a unipotent character of
C∗. Consider the canonical homomorphism f : (SOβ2 (q)×SO
αβ
2n−2(q)) ·2 →֒ C˜
0 → C∗,
whose kernel is contained in the center of (SOβ2 (q)×SO
αβ
2n−2(q))·2 and image contains
the commutator group of C∗ since (SOβ2 (q)×SO
αβ
2n−2(q)) ·2 contains the commutator
group of C˜0. By Proposition 2.1, the unipotent characters of (SOβ2 (q)×SO
αβ
2n−2(q)) ·2
are of the form ψ◦f , where ψ runs over the unipotent characters of C∗. In particular,
ψ is one of two linear unipotent characters or ψ(1) ≥ (qn−1−αβ)(qn−2+αβq)/(q2−1).
In the latter case,
χ(1) ≥
(qn − α)(qn−1 + αβ)
2(q − β)
·
(qn−1 − αβ)(qn−2 + αβq)
q2 − 1
> q4n−10.
If 2 ≤ k ≤ n− 2, then
χ(1) ≥
(G˜ : C˜)p′
4
≥
|Oα2n(q)|
4|Oβ4 (q)| · |O
αβ
2n−4(q)|
=
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=
(q2n−2 − 1)(qn − α)(qn−2 + αβ)(q2 + β)
8(q2 − 1)(q4 − 1)
> q4n−10.
✷
8. Groups Spin±12(3)
In this section, we will classify the irreducible complex characters of G = Spinα12(3),
α = ±, of degrees up to 4 · 315. Note that G∗ = P (COα12(3)
0). The argument in this
section is similar to that in §7. We will keep all notation from there. Two following
lemmas can be checked by direct computation.
Lemma 8.1. Suppose that χ ∈ Irr(P (CO−12(3)
0)) is unipotent. Then either χ is one
of the characters labeled by
(
0 6
−
)
,
(
1 5
−
)
,
(
2 4
−
)
,
(
0 1 6
1
)
,
(
0 1 2
5
)
, or χ(1) > 4 · 315.
Lemma 8.2. Suppose that χ ∈ Irr(P (CO+12(3)
0)) is unipotent. Then either χ is one
of characters labeled by
(
6
0
)
,
(
5
1
)
,
(
4
2
)
,
(
3
3
)
(2 characters),
(
0 1
1 6
)
,
(
0 1 2 5
−
)
, or χ(1) >
4 · 315.
Proposition 8.3. Spin+12(3) has exactly 28 irreducible complex characters of degrees
less than 4 ·315 and Spin−12(3) has exactly 16 irreducible complex characters of degrees
less than 4 · 315.
Proof. Let χ be an irreducible complex character of G of degree less than 4 ·315. Since
we have already counted the number of unipotent characters in two above lemmas,
we can assume that χ is not unipotent. Suppose that χ is parameterized by ((s∗), ψ),
where 1 6= s∗ ∈ G∗ := P (COα12(3)
0) and ψ ∈ Irr(C∗), C∗ = CG∗(s
∗). Recall that
G˜ := COα12(3) and G˜
0 := COα12(3)
0. Denote Z := Z(G˜) = Z(G˜0) the center of G˜ as
well as G˜0. Let s be an inverse image of s∗ in G˜0. Set C˜ = C eG(s) and C˜
0 = C eG0(s).
Case 1: τ(s) = −1. Then we have C˜ ≃ (O±m(9) ×
∏t
i=1GL
αi
ai
(3ki)) · Z2, where
αi = ±, Σ
t
i=1kiai +m = 6. Since χ(1) < 4 · 3
15, (G˜ : C˜)3′ < 16 · 3
15. This inequality
happens only when C˜ ≃ GL±6 (3) ·Z2. This forces G = Spin
+
12(3). Let us consider the
case C˜ ≃ GL6(3) ·Z2. Note that there is a unique conjugacy class (s) of semi-simple
elements in G˜ so that C˜ ≃ GL6(3) · Z2, which is happened when the characteristic
polynomial of s is (x2 − 1)6. In this case, C˜0 = C˜, (G˜ : C˜) = 2(G˜0 : C˜0), and
therefore there are two conjugacy classes of semi-simple elements in G˜0, as well as
in G∗, such that C˜ ≃ GL6(3) · Z2. Furthermore, C
∗ is an extension by 2 of C˜/Z.
Therefore, χ is one of 4 characters of degree (G∗ : C∗)3′ =
1
2
∏5
i=1(3
i + 1), provided
that G = Spin+12(3).
Next, we consider the case C˜ ≃ GU6(3) · Z2. Note that there are two semi-simple
conjugacy classes (s) in G˜ so that C˜ ≃ GL6(3) · Z2, which is happened when the
characteristic polynomial of s is (x2 + x− 1)6 or (x2 − x− 1)6. In this case, C˜0 = C˜,
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(G˜ : C˜) = 2(G˜0 : C˜0), and therefore there are 4 such conjugacy classes of semi-
simple elements in G˜0. Modulo Z, we get exactly two semi-simple conjugacy classes
(s∗) in G∗. Furthermore, C∗ ≃ C˜/Z. Therefore, we get two characters of degree∏5
i=1(3
i + (−1)i) of G = Spin+12(3).
Case 2: τ(s) = 1. We have C˜ ≃ (O±2k(3)×O
±
2m−2k(3)×
∏t
i=1GL
αi
ai
(3ki)) ·Z2, where
αi = ±, Σ
t
i=1kiai + m = 6. The inequality χ(1) < 4 · 3
15 implies that m = 0, 5, or
6. If m = 0, similarly as in case 1, one can show that C˜ ≃ GU6(3) · Z2 and C
∗ is an
extension by 2 of C˜/Z. Hence, χ is one of 4 characters of degree 1
2
∏5
i=1(3
i + (−1)i),
provided that G = Spin+12(3).
When m = 5, it is easy to show that (G∗ : C∗)3′ = (G˜ : C˜)3′ . If k = 0 or 5, we
have already shown in the proof of Theorem 1.4 that either χ is the unique character
of degree (36 − α)(35 − α)/4 or
χ(1) ≥
(36 − α)(35 − α)
4
·
(35 + α)(34 − α3)
8
> 4 · 315.
If 1 ≤ k ≤ 4, χ(1) ≥ (G˜ : C˜)3′ ≥ (3
10 − 1)(36 − 1)(34 − 1)/32 > 4 · 315.
Now we suppose m = 6. First, If k = 1 or 5, we have χ = ψ(1)(36 − α)(35 +
αβ)/2(3 − β), where β = ± and ψ is a unipotent character of C∗ = C˜0/Z, C˜0 ≃
(SOβ2 (3)×SO
αβ
10 (3)) · 2 ·Z2. When β = +, the inequality χ(1) < 4 · 3
15 forces ψ to be
linear. Therefore, χ is one of 2 characters of degree (36−α)(35+α)/4. When β = −,
note that the unipotent characters of (SO−2 (3)× SO
−α
10 (3)) · 2 are of the form ψ ◦ f ,
where f is the canonical homomorphism f : (SO−2 (3) × SO
−α
10 (3)) · 2 → C
∗. Since
SO−2 (3) has a unique unipotent character which is trivial, the unipotent characters
of (SO−2 (3) × SO
−α
10 (3)) · 2 are actually unipotent characters of O
−α
10 (3). Therefore,
ψ is one of 2 unipotent characters of degree 1; 2 unipotent characters of degree
(35 + α)(34 − α3)/8; or ψ(1) ≥ (310 − 32)/8. Hence there are 4 characters of degrees
less than 4 · 315 in this case. Next, if k = 2 or 4, we have
χ(1) =
(34 + αβ)(310 − 1)(36 − α)
2(32 − 1)(32 − β)
· ψ(1),
where ψ is a unipotent character of C∗ = C˜0/Z(G˜), C˜0 ≃ (SOβ4 (3)×SO
αβ
8 (3)) ·2 ·Z2.
Since χ(1) < 4 · 315, ψ is one of two linear unipotent characters of C∗ for each β = ±.
This gives 4 more characters of degrees less than 4 · 315. Finally, if k = 3, then
χ(1) ≥ (G∗ : C∗)3′ ≥ (G˜ : C˜)3′/2 > 4 · 3
15. 
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